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Abstract
We consider the problem of existence of Ne´ron models for a family
of abelian varieties over a base of dimension greater than 1. We show
that when S is of equicharacteristic zero, the condition of toric additivity
introduced in [Ore18] is sufficient for the existence of a Ne´ron model, and
also necessary under some extra assumptions. Furthermore, we give an
equivalent formulation of toric additivity in terms of monodromy action
on the l-adic Tate module.
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Introduction
The problem of existence of Ne´ron models. A well known result in
arithmetic geometry states that every abelian variety A defined over the frac-
tion field K of the spectrum S = SpecR of a Dedekind domain, admits a
canonical, smooth, separated model N/S, with N ×S K = A, such that every
K-point of A extends uniquely to an S-valued point of N . Such a model N/S
is called a Ne´ron model for A over S. What makes Ne´ron models particularly
significant is that they inherit a unique structure of S-group scheme from A;
and the fact that they give a meaning to the notion of reduction of a K-point
of A modulo a maximal ideal of R.
One natural question that arises is whether the theory of Ne´ron models carries
over when one replaces the Dedekind domain R by a higher dimensional base.
One first difficulty that appears, is that it is not at all clear whether Ne´ron
models exist in this more general setting.
The question of existence of Ne´ron models has first been raised for jacobians
of nodal curves in [Hol17], where the author gives it a negative answer, by
providing a necessary and sufficient criterion for the jacobian of a nodal family
C/S of curves to admit a Ne´ron model. The condition of alignment involves a
rather restrictive combinatorial condition on the dual graphs of the geometric
fibres of C/S, endowed with a certain labelling of the edges. However, the
criterion applies only when the total space C is regular.
In [Ore18], a new criterion for existence of Neron models of jacobians was
introduced, called toric additivity. The criterion involves no condition of reg-
ularity of the total space; moreover, toric additivity is a property of the zero-
component of the Picard scheme, Pic0C/S , therefore it has good base change
properties, see [Ore18, 2.3].
In fact, the zero-component Pic0C/S is a semiabelian scheme; it seems natural
to ask whether the results of [Ore18] apply more in general to abelian schemes
A/U admitting a semiabelian model A/S; in this article we give a positive
answer to the question under some extra assumptions.
Results. We work over a regular base S, and we assume we are given an
abelian scheme A over an open U ⊂ S, such that S \ U is a normal crossing
divisor; we also assume that A has semiabelian reduction over S. We call A/S
the unique semiabelian scheme extending A.
Over the strict henselization Ssh at a geometric point s of S, we define a certain
purity map (1.11) between character groups of the maximal tori contained in
the fibres of ASsh . Inspired by [Ore18, 2.6], we say that A/S is toric additive
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at s if the purity map is an isomorphism.
Here is the main result of this article:
Theorem 0.1 (4.8). Assume S is a regular, locally noetherian Q-scheme.
Let A/S be a semiabelian scheme, restricting to an abelian scheme over the
complement U = S \D of a normal crossing divisor. If A/S is toric additive
at all geometric points of S, there exists a Ne´ron model N/S for A over S.
We introduce the notion of test-Ne´ron model ; it is a smooth model M of A,
with a structure of group-space, and with the property: for every morphism
Z → S, with Z the spectrum of a DVR, hitting transversally the boundary
divisor D, the pullback MZ/Z is a Ne´ron model of its generic fibre. This
notion allows us to give a partial converse to theorem 0.1:
Theorem 0.2 (5.1). Assume A/U admits a Ne´ron model N/S, such that
N/S is also a test-Ne´ron model for A over S. Then A/U is toric additive.
It is unknown to the author whether every Ne´ron model is automatically a
test-Ne´ron model. In an forthcoming article, we show that this is true for
Ne´ron models of jacobians.
Theorems 0.1 and 0.2 partially generalize the previously known result from
[Ore18]:
Theorem 0.3 ([Ore18], 4.13). Let S be a regular, locally noetherian, excellent
scheme. Let C/S be a nodal curve, smooth over the complement U = S \D of
a normal crossing divisor. The jacobian Pic0CU/U is toric additive if and only
if it admits a Ne´ron model over S.
Toric additivity in terms of monodromy action. Another result of this
article is that when working on a strictly local base S, toric additivity can be
expressed in terms of the monodromy action on the Tate module of the generic
fibre AK/K. For a prime l different from the residue characteristic p ≥ 0, the
Galois action on TlA(K
sep) factors via the e´tale fundamental group pi1(U),
and in fact via its biggest pro-l quotient, which is isomorphic to a product
G =
∏n
i=1 Ii, with each Ii = Zl(1); the indexes i = 1, . . . , n correspond to the
components D1, . . . , Dn of the divisor D = S \ U .
We say that A/S is l-toric additive if the G-module TlA(Ksep)/TlA(Ksep)G
decomposes into a direct sum
⊕n
i=1 Vi of G-invariant subgroups, such that for
every i 6= j, the subgroup Ii ⊂ G acts as the identity on Vj . Roughly, one could
interpret l-toric additivity as the fact that the groups Ii act “independently”
on TlA(K
sep).
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By itself, l-toric additivity is a weaker condition than toric additivity. In
characteristic zero, toric additivity is equivalent to l-toric additivity being
satisfied for all primes l. However, we show that in the particular case of
jacobians of nodal curves, something stronger holds:
Theorem 0.4 (3.23). Let A = JC/S be the jacobian of a nodal curve C/S,
smooth over U = S \D. The following are equivalent:
i) JC/S is toric additive;
ii) for some prime l 6= p, JCS/S is l-toric additive;
iii) for every prime l 6= p, JCS/S is l-toric additive.
Somewhat surprisingly, the same result does not hold for abelian schemes. We
construct an explicit example (3.4) of a semiabelian family A/S, on a base
of characteristic zero, that is l-toric additive for all primes except one, and
therefore fails to be toric additive.
On the proof of theorem 0.1 and theorem 0.2. The proof of theorem 0.1
is constructive and substantially divided into two parts: first, starting from a
toric additive A/U , we construct a smooth S-group scheme N/S extending A,
having the following property: for all test curves Z → S hitting transversally
the normal crossing divisor D, the restriction N|Z is a Ne´ron model of its
generic fibre. We call such a model N a test-Ne´ron model for A over S. In
the second part of the proof, we proceed to check that a test-Ne´ron model
of a toric additive abelian scheme is in fact a Ne´ron model. We remark that
for this last fact, it is crucial that test-Ne´ron are defined to be group objects;
there are examples of objects that are similar to test-Ne´ron models, in that
they satisfy a similar property with respect to transversal traits, but fail to be
a Ne´ron model because they do not admit a group structure: an example is
the balanced Picard stack Pd,g →Mg constructed by Caporaso in [Cap08], or
those constructed by Andreatta in [And01]
We mention that the characteristic zero assumption of theorem 0.1 is used
only in the second part of the proof, (specificially in proposition 4.10), and not
in the construction of the test-Ne´ron model. The proof uses a generalization
of the result appearing in [Edi92] on descent of Ne´ron models along tamely
ramified covers of discrete valuation rings. The only obstruction to removing
the characteristic assumption in theorem 0.1, appears to be the lack of results
descent of Ne´ron models along finite flat wildly ramified covers (at least in the
case of abelian varieties with semiabelian reduction).
For what concerns theorem 0.2, the assumptions allow to reduce it to a mere
abstract algebra statement. One may hope that in fact every Ne´ron model
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were automatically a test-Ne´ron model, and that the extra hypothesis in the
statement may be dropped. In a forthcoming article, we show that this is
indeed the case for Ne´ron models of jacobians of nodal curves. If a similar
result were established for abelian schemes with semiabelian reduction, then
toric additivity would indeed provide a necessary and sufficient criterion for
existence of Ne´ron models.
Outline. In section 1, we follow very closely Expose´ IX of [GRR72], Mode`les
de Ne´ron et monodromie, where 1-dimensional generations of abelian varieties
are studied in terms of monodromy action on the Tate module. We devote
an extensive section to the recollection of the theory developed in [loc. cit],
which generalizes for the greatest part to the case of a base of higher dimension
without any difficulty. We also introduce the purity maps (section 1.7), which
are something peculiar to bases of dimension higher than 1 and are central in
the definition of toric additivity.
In section 2, we recall the definition of a Ne´ron model (definition 2.1) and
state a number of properties regarding the behaviour of Ne´ron models under
different sorts of base change. Then we pass to study the group of components
of a Ne´ron model in terms of the monodromy action, following [GRR72, IX,
11].
Sections 3 and 4 form the heart of the article; in section 3, we introduce the
conditions of toric additivity (definition 3.1), l-toric additivity (definition 3.7),
and weak toric additivity (definition 3.10). Then we pass to analyzing the
relation between the different notions, in lemma 3.12 and theorem 3.6. In the
latter theorem, we show how to express toric additivity in terms of monodromy
action on the l-adic Tate module, for primes l invertible on the base. Then, we
show that the different notions of toric additivity are equivalent in the case of
jacobians of curves (section 3.3), but not in the more general case of abelian
schemes (section 3.4).
In section 4, we work under the assumption that the base S is a Q-scheme; the
section is devoted to proving theorem 4.8. We first introduce test-Ne´ron models
(definition 4.1); we prove they are unique (proposition 4.3) and then that,
under the assumption that A/S is toric-additive, they also exist (theorem 4.4).
After a result on descent of test-Ne´ron models (proposition 4.7) along tamely
ramified covers, we conclude the section by showing that test-Ne´ron models are
Ne´ron models, again under the assumption of toric-additivity (proposition 4.9).
Finally, in section 5, we prove theorem 0.2.
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1 Generalities on semiabelian models
1.1 Normal crossing divisors and transversal traits. We work over a
regular, locally noetherian, base scheme S.
Definition 1.1. Given a regular, noetherian local ring R, a regular system of
parameters is a minimal subset {r1, . . . , rd} ⊂ R of generators for the maximal
ideal m ⊂ R.
Definition 1.2. A strict normal crossing divisor D on S is a closed subscheme
D ⊂ S such that, for every point s ∈ S, the preimage of D in the local ring
OS,s is the zero locus of a product r1 · . . . · rn, where {r1, . . . , rn} is a subset
of a regular system of parameters {r1, . . . , rd} of OS,s.
Write {Di}i∈I for the set of irreducible components of D. Then each Di, seen
as a reduced closed subscheme of S, is regular and of codimension 1 in S;
moreover, for every finite subset J ⊂ I, the intersection ⋂j∈J Dj is regular,
and each of its irreducible components has codimension |J |.
Definition 1.3. A normal crossing divisor D on S is a closed subscheme
D ⊂ S for which there exists an e´tale surjective morphism S′ → S such that
the base change D ×S S′ is a strict normal crossing divisor on S′.
Notice that for every geometric point s of S, the preimage of a normal crossing
divisor D in the spectrum of the strict henselization OshS,s is a strict normal
crossing divisor.
Definition 1.4. A strictly henselian trait Z is an affine scheme with Γ(Z,OZ)
a strictly henselian discrete valuation ring. Suppose we are given a morphism
f : Z → S and a normal crossing divisor D on S. Let Ssh → S be the strict
henselization at the closed point of Z, D′ = D ×S Ssh and f˜ : Z → Ssh the
induced morphism. We say that f is transversal to D if for every component
Di of D
′ seen with reduced scheme structure, D′i ×Ssh Z is a reduced point or
is empty.
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1.2 The tame fundamental group. Suppose that S is strictly henselian,
with fraction field K, and write D as the union of its irreducible components,
D = D1∪D2∪ . . .∪Dn. Let U = S \D, and for each i = 1, . . . , n, Ui = S \Di.
It is a consequence of Abhyankar’s Lemma ([Gro71, XIII, 5.2]) that every finite
etale morphism V → U , tamely ramified over D ([Gro71, XIII, 3.2.c)]), with
V connected, is dominated by a finite e´tale W/U given by
O(W ) = O(U)[T1, . . . , Tn]
Tm11 − r1, . . . , Tm1n − rn
where the integers m1, . . . ,mn are coprime to p. Denoting by µr,U the group-
scheme of r-roots of unity, it follows that AutU (W ) =
∏n
i=1 µmi,U . Then, the
tame fundamental group of U is
pit1(U) =
n∏
i=1
pit1(Ui) =
n∏
i=1
Ẑ′(1)
Here Ẑ′(1) =
∏
l 6=p Zl(1) and Zl(1) = limµlr (K) is non-canonically isomorphic
to Zl, an isomorphism being given by a choice of a compatible system (zlr )r≥1
of primitive lr-roots of unity in K.
For a prime l 6= p, the factor ∏ni=1 Zl(1) of pit1(U)) is the biggest pro-l quotient
of pit1(U) and will be denoted by pi
t,l
1 (U). It is the automorphism group of the
fibre functor of finite e´tale morphisms V → U of degree a power of l.
1.3 Semiabelian schemes.
Definition 1.5. Let κ be a field and G/κ a smooth, commutative κ-group
scheme of finite type. We say that G/κ is semiabelian if it fits into an exact
sequence of fppf-sheaves over κ
0→ T → G→ B → 0 (1)
where T/κ is a torus and B/κ an abelian variety. In fact, the image of T in G
is necessarily the maximal subtorus of G, so every semiabelian scheme admits
a canonical exact sequence eq. (1). We call µ := dimT the toric rank of G
and α := dimB its abelian rank. These numbers are stable under base field
extensions. Notice that G is automatically geometrically connected.
For a general base scheme S, a smooth commutative S-group scheme G/S of
finite type is semiabelian if for all points s ∈ S, the fibre Gs is semiabelian.
Given a semiabelian scheme G/S, we define the functions
µ : S → Z≥0, α : S → Z≥0 (2)
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which associate to a point s ∈ S respectively the toric and abelian rank of
Gs. The sum µ + α is the locally constant function with value the relative
dimension of G/S.
1.4 The l-adic Tate module. Let S be a regular, strictly local scheme,
with closed point s and residue field k = k(s) of characteristic p ≥ 0. We
write K for the fraction field of S and we fix a separable closure Ks. Let
D = D1 ∪ . . . ∪Dn be a normal crossing divisor on S and U = S \D. We are
also given:
• an abelian scheme A/U of relative dimension d ≥ 0;
• a smooth, separated S-group scheme of finite presentation A/S, together
with an isomorphism A ×S U → A, such that the fibrewise-connected
component of identity A0/S is semiabelian.
Let l be a prime and r ≥ 0 an integer; we denote by A[lr] the kernel of the
multiplication map
lr : A → A.
It is a closed subgroup scheme of A, flat and quasi-finite over S. Its restriction
A[lr]U/U is a finite U -group scheme of order l2rd.
We write TlA for the inverse system of fppf-sheaves of Z/lrZ-modules, {A[lr]}r≥0,
with transition morphisms A[lr]→ A[lr′ ] given by multiplication by lr−r′ . The
base changes via SpecK → S and Spec k → S give rise to two inverse systems
TlAK and TlAk, which can be seen as l-divisible groups, and, when l 6= p, as
lisse l-adic sheaves.
Let now l 6= p. In this case A[lr] is also e´tale over S, finite over U , and tamely
ramified over D. It follows that the action of Gal(Ks|K) on A[lr](Ks) factors
via the quotient map
Gal(Ks|K)→ pit1(U) = Ẑ′(1)n.
We write G for pit1(U) and Ii for the i-th copy of Ẑ′(1), so that G =
⊕n
i=1 Ii.
The datum of the lisse l-adic sheaf TlAK is equivalent to the datum of the
l-adic Tate module
TlA(K
s) = lim
r
A[lr](Ks),
together with the continuous action of pit1(U). As an abelian group, TlA(K
s)
is a free Zl-module of rank 2d.
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Now, we return to the situation where l is any prime number. Over the closed
point s ∈ S there is a canonical exact sequence
0→ T → A0s → B → 0
with B abelian and T a torus; multiplication by l is an epimorphism on A0s
and it follows that we have an exact sequence of l-divisible groups
0→ TlT → TlA0s → TlB → 0. (3)
Write µ and α for µ(s) = dimT and α(s) = dimB. Taking heights of the
l-divisible groups in the exact sequence (3), we get
• htTlT = µ(s),
• htTlB = 2α(s),
• htTlA0s = µ(s) + 2α(s) = 2d− µ(s).
When l 6= p, the heights of these l-adic sheaves can be interpreted as the rank
as Zl-module of the respective groups of k-valued points.
One immediate consequence of the above equatiosn is that the function rkTlA0 =
2d− µ : S → Z≥0 is lower semi-continuous; it follows that the toric rank func-
tion µ is upper semi-continuous.
The following lemma is particularly useful:
Lemma 1.6. Let l be a prime different from p. The inclusion of l-adic sheaves
TlA0 ↪→ TlA restricts to an equality over the closed point s; that is,
(TlA)s = (TlA0)s (4)
Proof. To prove this, it is enough to check that TlAs(k) = TlA0s(k). If (xv)v
is an element of the left-hand side, each xv is a l
v-torsion element of As(k)
infinitely divisible by l. Let Φ be the group of components of As; it is a
finite abelian group, by the assumption that A is of finite presentation. Let
ϕv be the image of xv in Φ; then ϕv belongs to the l
v-torsion subgroup of Φ.
Moreover ϕv is infinitely divisible by l; it follows that ϕv = 0, and that xv lies
in A0s(k).
1.4.1 The fixed part of the Tate module. Let again l be any prime,
and consider the lr-torsion subscheme A[lr]/S. As S is henselian, there is a
canonical decomposition
A[lr] = A[lr]f unionsq A[lr]′
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where A[lr]f/S, called the fixed part of A[lr], is finite over S and A[lr]′s = ∅.
It can be shown that A[lr]f is an S-flat subgroup-scheme of A[lr], which is
moreover e´tale if l 6= p.
We define the fixed part of TlA as the inverse system {A[lr]f}r≥0, which is an
l-divisible group. Of course we have an inclusion
TlAf ↪→TlA
restricting to an isomorphism over the closed fibre.
1.4.2 The fixed part for l 6= p. If l 6= p, by strict henselianity of S, each
finite e´tale scheme A[lr]f is a disjoint union of copies of S and the l-adic sheaf
TlAf is constant. We find
A[lr]f (Ks) = A[lr]f (K) = A[lr]f (S) = A[lr]fs (k) = A[lr]s(k). (5)
We will be interested in the Zl-module
TlA(K
s)f := TlAf (Ks) ⊆ TlA(Ks)
which we call again the fixed part of the l-adic Tate module.
By taking the limit in (5) and applying lemma 1.6, we find
TlA(K
s)f = TlAf (S) = TlAs(k) = TlA0s(k). (6)
This last equality enables us to determine the rank of the fixed submodule of
the Tate module,
rkTlA(K
s)f = 2d− µ = rkTlA(Ks)− µ (7)
Moreover, we have that
TlA0s(k)⊗Zl Z/lrZ = A0s[lr](k) (8)
since A0s(k) is l-divisible. Hence,
TlA(K
s)f ⊗Zl Z/lrZ = A0s[lr](k). (9)
In other words, TlA(K
s)f ⊗Zl Z/lrZ is the submodule of A[lr](Ks) consisting
of those points that extend to sections of the fibrewise-connected component
of identity A0.
The following lemma gives us an alternative interpretation of the fixed part of
TlA(K
s):
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Lemma 1.7. Let l 6= p. The submodule TlA(Ks)f is the submodule TlA(Ks)G ⊆
TlA(K
s) of elements fixed by G = pit1(U).
Proof. We treat first the case dimS = 1; so S is the spectrum of a discrete
valuation ring. In this case, A/K admits a Ne´ron model, N/S. By assumption,
the fibrewise-connected component of identity A0 is semiabelian, and we have
an identification N 0 = A0 (lemma 2.9).
Now, equality (6) and lemma 1.6 tell us that
TlA(K
s)f = TlA0s(k) = TlN 0s (k) = TlNs(k).
By Hensel’s lemma, Ns[lr](k) = N [lr](S) and by the definition of Ne´ron
model the latter is equal to NK [lr](K) = A[lr](Ks)G. Hence, TlA(Ks)G =
limA[lr](Ks)G is equal to TlNs(k) = TlA(Ks)f and we are done.
Let now S have dimension dimS ≥ 2. First, observe that TlA(Ks)f ⊆
TlA(K
s)G: indeed, as TlAf is constant, its Ks-valued point are actually K-
valued.
We show the reverse inclusion. We start by claiming that there exists a
closed subscheme Z ⊂ S, regular and of dimension 1, such that Z 6⊆ D.
For this, let {t1, . . . , tn} be a system of regular parameters of O(S), cut-
ting out the divisor D. We complete the above set to a maximal system
{t1, . . . , tn, tn+1, . . . , tdimS} of regular parameters and let Z = Z(t1 − t2, t2 −
t3, . . . , tn−1 − tn, tn+1, tn+2, . . . , tdimS). Now, O(Z) is a strictly henselian dis-
crete valuation ring, and the generic point ζ of Z lies in U .
We let L = k(ζ) and H = Gal(Ls|L) for some separable closure L ↪→ Ls.
Since A[lr] is finite e´tale over U , we have A[lr](K) ⊆ A[lr](L) and by passing
to the limit we obtain TlA(K
s)G ⊆ TlA(Ls)H . Moreover, by the dimension
1 case, TlA(L
s)H = Tl(AZ)(Ls)f = TlAs(k); the latter is equal to TlA(Ks)f ,
concluding the proof.
1.4.3 The toric part of the Tate module. Denote by Ts the biggest
subtorus of the semiabelian scheme A0s and let for the moment l 6= p. We have
an inclusion of the lr-torsion
Ts[lr] ⊆ A0s[lr].
As the restriction functor between the category of finite e´tale S-schemes and
the category of finite e´tale k-schemes is an equivalence of categories, we obtain
a canonical finite e´tale S-subscheme of A0[lr]f , called the toric part of A0[lr],
A0[lr]t ↪→ A0[lr]f ↪→ A0[lr]
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such that A0[lr]t ⊗S k = Ts[lr].
Taking the limit, we find a constant l-adic subsheaf TlAt of TlAf . Then, pass-
ing to the generic fibre, we obtain a submodule TlA(K
s)t of TlA(K
s)f =
TlA(K
s)G ⊆ TlA(Ks), which we call toric part of TlA(Ks). Its rank is of
course the rank of the Zl-module TlTs(k), that is
rkTlA(K
s)t = µ. (10)
To summarize, we have a filtration of the l-adic Tate module
0
µ
↪−→ TlA(Ks)t 2α↪−→ TlA(Ks)f µ↪−→ TlA(Ks)
where the numbers on top of the arrows are the ranks of the successive quo-
tients in the filtration.
If l = p, it is still possible to construct a canonical p-divisible group TpAt ↪→TpAf ,
which, when restricted to the closed fibre, gives the inclusion of p-divisible
groups TpTs ↪→TpAs. As explained in [GRR72][IX, 5.1. and 6.1.], the func-
tor Sch/S → Sets of finite subgroup-schemes of A/S of multiplicative type,
is representable by an e´tale scheme of finite type over S. Hence, for every
r, there is a unique subgroup scheme A[pr]t ⊂ A restricting to T [pr]s. The
p-divisible group TpAt is given by the system {A[pr]t}r≥0.
1.4.4 The dual abelian variety and the Weil pairing. We will now
only focus on the semi-abelian scheme A0 ⊂ A; for this reason, we will write
simply A for it, rather than A0. Consider the dual abelian variety A′K of
AK . By [MB85, IV, 7.1], there exists a unique semi-abelian scheme A′/S
extending A′K . Let ϕ : AK → A′K be an isogeny; it extends uniquely to a
group homomorphism A → A′ ([FC90], I, 2.7) inducing isogenies
Ts → T ′s , Bs → B′s
between the toric and abelian parts of As and A′s. We deduce the equality
between the toric and abelian ranks
µ = µ′ α = α′.
By [MB85, II, 3.6] the natural functor
BIEXT (A,A′;Gm,S)→ BIEXT (AK ,A′K ;Gm,K)
is an equivalence of categories; thus the Poincare´ biextension on AK ×K A′K
extends uniquely to a biextension on A×S A′, and we obtain for every prime
l a perfect pairing
TlA× TlA′ → Tl(Gm) = Zl(1) (11)
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of projective systems on S extending the Weil pairing
χ : TlAK × TlA′K → Zl(1).
Theorem 1.8 (Orthogonality theorem). The toric part TlAtK is the orthogo-
nal of the fixed part TlA
′f
K via the Weil pairing χ.
Proof. See [GRR72, IX, 5.2]. The proof for dimS > 1 is the same, using the
pairing (11).
1.4.5 The action of G on the Tate module is unipotent. The orthog-
onality theorem 1.8 permits to describe more explicitly the Galois action on
the l-adic Tate module when l 6= p.
Lemma 1.9. There exists a submodule V of T = TlA(K
s) such that G =
pit1(U) acts trivially on V and on the quotient T/V .
Proof. Clearly, G acts trivially on V = TG = TlA(K
s)f . Now, as TG is
orthogonal to T ′t (where T ′ = TlA′(Ks)) via the pairing χ, we obtain a perfect
pairing T/TG×T ′t → Zl(1) which identifies T/TG with HomZl(T ′t,Zl(1)). As
T ′t ⊂ T ′G, we conclude that G acts trivially on T/TG.
It follows from the above proposition that the action of G on TlA(K
s) is
unipotent of level 2: that is, writing
ρ : G→ Aut(TlA(Ks)⊗Zl Ql),
we have for every g ∈ G
(ρ(g)− id)2 = 0.
Because the profinite group G acts on a Ql-vector space unipotently and con-
tinuously, the image of ρ is a pro-l-group. Thus, the action of G factors via
its biggest pro-l-quotient
G = Ẑ(1)n = pit1(U)→ pit,l1 (U) = Zl(1)n.
1.5 Character groups. Consider in addition to the semiabelian scheme A
also A′, the unique semiabelian prolongation of the dual abelian scheme A′U .
Let T, T ′ be the biggest subtori of the fibres As, A′s, defined over the residue
field k = k(s) at the closed point s ∈ S, and X = Homk(T,Gm,s), X ′ =
Homk(T
′,Gm,s) be their character groups, which are constant sheaves of free
abelian groups of the same rank µ = dimT = dimT ′. In fact, X and X ′ are
12
respectively determined by the groups X(k), X ′(k), so we will confuse them
with their groups of k-valued points.
The sheaves X,X ′ lift uniquely to X ,X ′, constant sheaves over S. These can
be related to the l-divisible group TlAt of section 1.4.3. Indeed for all primes
l we have a natural isomorphism T [lr]s = X
∨ ⊗Z/lrZ µlr,s, where the dual
sign stands for dual with values in Z. The two sides of the isomorphism lift
uniquely to finite group schemes of multiplicative type over S, and we get a
natural isomorphism
A[lr]t = X∨ ⊗ µlr,S .
Taking the limit over r, we obtain canonical isomorphisms of l-divisible groups{
TlAt = X∨ ⊗ Zl(1)
TlA′t = X ′∨ ⊗ Zl(1).
(12)
Passing to the generic fibre and using the orthogonality theorem 1.8, it follows
that there are also canonical isomorphisms{
TlAK/TlAfK = X ′K ⊗ Zl
TlA′tK/TlA′fK = XK ⊗ Zl
(13)
1.6 Relations between maximal tori of different fibres. We state first
the following fact:
Lemma 1.10. Let t be any point of S. The maximal torus T contained in the
fibre At is split.
Proof. Let Z ⊂ S be the schematic closure of t in S. It is itself a strictly
local scheme. Consider the schematic closure T ⊂ AZ of T , which is a closed
subgroup scheme of AZ , and hence a subtorus (by looking at torsion points).
Now, T is completely determined by its locally constant sheaf of characters
X = HomZ(T ,Gm,Z). Since Z is strictly henselian, X/S is constant, i.e., T is
split, and so is T .
Because of the previous lemma, whenever we work over a strictly henselian
local base, we may confuse groups of characters of subtori of fibres of A/S
with their underlying abstract free abelian groups.
Now let x be a point of S and let Z ⊂ S be its schematic closure. Let T (x)
be the maximal torus over the fibre Ax, with character group X(x). The
schematic closure of T (x) in A is a split torus T over Z. By taking the fibre
at the closed point s, we obtain an inclusion of tori Ts ⊂ T , where T is the
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maximal torus at the closed point s. This induces a surjective homomorphism
of groups of characters
spx : X  X(x) (14)
which we call specialization map on group of characters.
The inclusion of tori Ts ⊂ T induced for all primes l and r ≥ 0 an inclusion
of torsion k-schemes Ts[lr] ⊂ T [lr]. By the equivalence of categories between
finite subgroup schemes of multiplicative type over S and over s, we obtain a
finite S-subscheme
A[lr]t(x) ⊂ A[lr]t.
We call this the toric part of A[lr] at x. Taking the limit over r we obtain a
l-divisible subgroup
TlAt(x) ⊂ TlAt.
We define TlA′f(x) to be its orthogonal by the pairing χ. In a similar way, we
define TlA′t(x) an TlAf(x).
Let Sx → S be a strict henselization at x. Because the scheme T /Z is a split
torus, T [lr]/Z is finite, from which it follows that the restriction of A[lr]t(x) to
Sx coincide with the toric part of A[lr]Sx as defined in section 1.4.3. A similar
statement holds for TlAt(x).
In particular, for l 6= p, we have for the generic fibre of TlAf(x) the equality
TlA(K
s)f(x) = TlA(K
s)G
x
where Gx = pit,l1 (S
x ×S U) is identified with the quotient G = pit,l1 (U) →∏
Di3x pi
t,l
1 (S \Di) =
∏
Di3x Zl(1).
The natural morphisms
TlAK
TlAfK
 TlAK
TlAf(x)K
and
TlAt(x) ↪→ TlAt
coincide with the morphisms induced by the specialization maps
X ′ ⊗ Zl  X ′(x) ⊗ Zl
and
X (x)∨ ⊗ Zl(1) ↪→ X∨ ⊗ Zl(1)
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1.7 Purity maps. Let D1, . . . , Dn be the components of the divisor D, with
generic points ζ1, . . . , ζn.
Given t ∈ S, and 1 ≤ i ≤ n such that t ∈ Di, we have a specialization map
Xt  Xi from the maximal torus of At to the maximal torus Xi of Aζi .
If we associate to t a subset Jt ⊂ {1, . . . , n} such that i ∈ Jt if and only if
t ∈ Di, then we obtain a natural homomorphism
pt : Xt →
⊕
i∈Jt
Xi (15)
Definition 1.11. We call the homomorphism pt of (15) the purity map at t.
Clearly, purity maps are compatible with specialization, that is, if t specializes
to a point t′, the following diagram commutes
Xt′
⊕
i∈Jt′ Xi
Xt
⊕
i∈Jt Xi
pt′
spt,t′ res
pt
where the map res is the projection induced by the inclusion Jt ⊂ Jt′ .
let l be a prime different from p. Tensoring with Zl, the purity map becomes
the map
pt,l : Xt ⊗ Zl = TlA
′(Ks)
TlA′(Ks)Gt →
⊕
i∈Jt
Xi ⊗ Zl =
⊕
i∈Jt
TlA′(Ks)
TlA′(Ks)Ii (16)
where Gt = pi
t,l
1 (S \
⋃
i∈Jt Di) =
⊕
i∈Jt pi
t,l
1 (S \Di) =
⊕
i∈Jt Ii, and where the
map toward each factor is the natural projection. We immediately obtain the
following: can be read from
Lemma 1.12. For any t ∈ S, the purity map pt is injective.
Proof. As Xt is a free abelian group, it suffices to check injectivity of pt,l for
some prime l, which we pick different from p. Clearly, pt,l is injective, as⋂
TlA
′(Ks)Ii = TlA′(Ks)Gt .
So, in a sense, all information on character groups of the maximal tori of the
fibre is contained in the groups Xi for i = 1, . . . , n (hence the name purity map
for the map of eq. (15)).
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Corollary 1.13. The function µ : S → Z≥0 satisfies the inequality
µ(t) ≤
∑
i∈Jt
µ(ζi). (17)
Proof. It follows by taking ranks in the purity map, which is injective by
lemma 1.12.
Corollary 1.13 and the upper semi-continuity of µ tell us that µ : S → Z≥0 is
actually constant on each locally closed piece of the natural stratification of
the divisor D.
1.8 The monodromy pairing. Assume now that the base S is of dimension
1; that is, let S be the spectrum of a strictly henselian discrete valuation ring.
In [GRR72, IX] the authors define the monodromy pairing, from which one can
deduce a particularly nice description of the component group of the Ne´ron
model of AK over S (see section 2.3). We are going to follow [GRR72] and
briefly present the subject.
Let l 6= p be a prime. We recall that we have an action of Gal(Ks|K) on the
Zl-module TlA(Ks) and TlAf (Ks) is the submodule of Galois-fixed elements.
Moreover, the action factors via the maximal pro-l quotient Gal(Ks|K) →
G ∼= Zl(1).
Consider the Weil pairing TlA(K
s)× TlA′(Ks)→ Zl(1). The pairing is com-
patible with the Galois action (where G acts trivially on Zl(1)); so if we take
g ∈ G, x ∈ TlA(Ks) and y ∈ TlA′(Ks)G, we obtain
(gx− x, y) = (gx, y)
(x, y)
=
(x, g−1y)
(x, y)
=
(x, y)
(x, y)
= 1.
By the theorem of orthogonality, TlA(K
s)t is the orthogonal of TlA
′(Ks)G;
hence gx− x ∈ TlA(Ks)t. Notice that gx− x = 0 for x ∈ TlA(Ks)G; thus we
have found a map
G = Zl(1)→ HomZl(TlA(Ks)/TlA(Ks)G, TlA(Ks)t) (18)
g 7→ (x 7→ gx− x)
Relations eq. (12) and eq. (13) give us TlA(K
s)t = X∨⊗Zl(1) and TlA(Ks)/TlA(Ks)G =
X ′ ⊗ Zl.. Now, for a Z-module M , we write shorthand Ml := M ⊗ Zl. The
map in eq. (18) can be rewritten as
Zl(1)→ HomZl(X ′l , X∨l ⊗ Zl(1)) = X ′∨l ⊗X∨l ⊗ Zl(1)
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which gives a canonical element of X ′∨l ⊗ X∨l , or in other words a bilinear
pairing
ϕl : Xl ⊗X ′l → Zl. (19)
A more concrete description of the pairing (19) can be given as follows: first,
one chooses a topological generator σ for G = Zl(1), which amounts to fixing
an isomorphism of Zl-modules Zl ∼= Zl(1). Then the homomorphism
X ′l → X∨l ∼= X∨l ⊗ Zl(1)
associated to ϕl is the homomorphism
TlA(K
s)
TlA(Ks)G
→ TlA(Ks)t (20)
x 7→ σx− x
As the homomorphism (20) is injective and between free Zl-modules of the
same rank, it follows that the pairing in eq. (19) is non-degenerate.
Theorem 1.14 ([GRR72], IX.10.4). There exists a unique non-degenerate,
bilinear pairing
ϕ : X ⊗X ′ → Z (21)
such that for every l 6= p the restriction to Zl gives the pairing in eq. (19).
Moreover, a choice of polarization ξ : A′K → AK induces an isogeny ξ : X →
X ′ and the induced pairing
X ⊗X → Z
x⊗ y 7→ ϕ(x⊗ ξ(y))
is symmetric and positive definite.
1.9 Monodromy pairing and transversal traits. We return to hypothe-
ses and notations of section 1.7. Let Z be a strictly henselian trait with closed
point z and fraction field L = FracO(Z), and write ν : L× → Z for the natural
valuation. Let f : Z → S be a morphism sending the generic point of Z inside
U = S \ D. To each irreducible component Di of D, we can associate an
element ui ∈ O(S) defining Di. The non-negative number ai = ν(f∗(ui)) does
not depend on the choice of ui. We obtain an n-uple (a1, . . . , an) ∈ Zn≥0. For
j ∈ {1, . . . , n}, the condition aj > 0 is equivalent to f(z) ∈ Dj . Moreover, the
morphism f is transversal (definition 1.4) if and only if every ai is either 1 or
0.
Now let X1, . . . , Xn (resp. X
′
1, . . . , X
′
n) be the groups of characters of the
maximal tori of A (resp. A′) at the generic points of D1, . . . , Dn. There are n
monodromy pairings, ϕ1, . . . , ϕn, with ϕi : X
′
i → X∨i .
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Let J ⊂ {1, . . . , n} be the subset of those j with aj > 0. Then we obtain one
more monodromy pairing,
ϕf : Y
′ → Y ∨
where Y and Y ′ are the character groups of A and A′ at the generic point of
∩j∈JDj . Notice that the purity maps give us an injective morphism
p′ : Y ′ →
⊕
j∈J
X ′j
and a surjective one
p∨ :
⊕
X∨j → Y ∨.
Proposition 1.15. The monodromy pairing ϕf is the composition
F : Y ′
p′−→
⊕
j∈J
X ′j
(ajϕj)j∈J−−−−−−→
⊕
j∈J
X∨j
p∨−−→ Y ∨.
In particular, ϕf depends only on the tuple (aj)j∈J .
Proof. Let l 6= p be a prime. We denote by a ·˜ objects tensored with Zl. It
suffices to prove the statement after tensoring with Zl; that is, to check that
F˜ = ϕ˜f . In fact, it suffices to check that i◦F˜ = i◦ϕ˜f , where i : Y ∨ ↪→TlA(Ks)
is the natural inclusion.
The morphism Z → S induces a group homomorphism of tame pro-l funda-
mental groups
H := pit,l1 (Z \ {z}) = Zl(1)→ pit,l1 (S \
⋃
J
Dj) =
⊕
J
Ij
with Ij = pi
t,l
1 (S \Dj) ∼= Zl(1), which sends a topological generator σ of H to
a sum
∑
j∈J ajσj , where σj is a topological generator of Ij .
The above fact expresses the commutativity of the diagram
Y ′ ⊗ Zl = TlAL(L
sep)
TlAL(Lsep)H
TlA
t
L(L
sep) = Y ∨ ⊗ Zl
⊕
(X ′j ⊗ Zl) =
⊕ TlAK(Ksep)
TlAK(Ksep)
Ij
⊕
TlA
tj
K(K
sep) =
⊕
(X∨j ⊗ Zl)
σ−1
(ajσj−1)j∈J
The upper map is ϕf ⊗Zl; the lower one is ((ajϕj)⊗Zl)j∈J ; the vertical maps
are p′ and p∨. This concludes the proof.
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2 Ne´ron models and their groups of
components
2.1 Ne´ron models of abelian schemes. Let S be any scheme, U ⊂ S an
open and A/U an abelian scheme.
Definition 2.1. A Ne´ron model for A over S is a smooth, separated algebraic
space 1 N/S of finite type, together with an isomorphism N ×S U → A,
satisfying the following universal property: for every smooth morphism of
schemes T → S and U -morphism f : TU → A, there exists a unique morphism
g : T → N such that g|U = f.
Here are two easy-to-check fundamental properties of Ne´ron models:
i) Given two Ne´ron modelsM,N over S forA there is a unique S-isomorphism
M→N compatible with the identifications of MU and NU with A.
ii) applying the defining universal property of Ne´ron models to the mor-
phisms m : A×U A → A, i : A → A, and 0A : U → A defining the group
structure of A, we see that N/S inherits from A a unique S-group-space
structure.
We also introduce a similar object, which satisfies a weaker universal property:
Definition 2.2. A weak Ne´ron model for A over S is a smooth, separated
algebraic spaceN/S of finite type, together with an isomorphismN×SU → A,
satisfying the following universal property: every section U → A extends
uniquely to a section S → N .
In particular, a Ne´ron model is a weak Ne´ron model. Notice that in the case
of weak Ne´ron models, we do not have any uniqueness statement, and they
need not necessarily inherit a group structure from A.
We point out that our definition 2.2 of weak Ne´ron model differs slightly from
the one normally found in the literature: the latter requires that the universal
property is satisfied for all e´tale quasi-sections.
2.2 Base change properties. We list some properties of compatibility of
formation of Ne´ron models with base change. The same properties are to be
found in [Ore18, 3.2] with their proofs. Here we report only the statements.
1defined as in [Sta16]TAG 025Y.)
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In general, the property of being a Ne´ron model is not stable under arbitrary
base change. However, we have that:
Lemma 2.3. Let N/S be a Ne´ron model of A/U ; let S′ → S be a smooth
morphism and U ′ = U ×S S′. Then the base change N ×S S′ is a Ne´ron model
of AU ′ .
Lemma 2.4. Let N/S be a smooth, separated algebraic space of finite type
with an isomorphism N ×S U → A. Let S′ → S be a faithfully flat morphism
and write U ′ = U ×S S′. If N ×S S′ is a Ne´ron model of A×U U ′, then N/S
is a Ne´ron model of A.
Lemma 2.5. Let A/U be abelian, f : S′ → S a smooth surjective morphism,
U ′ = U ×S S′, and N ′/S′ a Ne´ron model of A ×S S′. Then there exists a
Ne´ron model N/S for A.
Lemma 2.6. Assume S is locally noetherian. Let s be a point (resp. geometric
point) of S and S˜ the spectrum of the localization (resp. strict henselization)
at s. Suppose that N/S is a Ne´ron model for A/U . Then N ×S S˜ is a Ne´ron
model for A×U U˜ , where U˜ = S˜ ×S U .
Proposition 2.7. Assume that S is regular. If A/S is a an abelian algebraic
space, then it is a Ne´ron model of its restriction A×S U .
Finally, here is the main theorem about existence of Ne´ron models in the case
where the base S is of dimension 1.
Theorem 2.8 ([BLR90], 1.4/3). Let S be a connected Dedekind scheme with
fraction field K and let A/K be an abelian variety. Then there exists a Ne´ron
model N over S for A/K.
2.3 Connected components of a Ne´ron model. Assume now that S is
the spectrum of a regular, strictly henselian local ring, with closed point s,
residue field k = k(s). We make a choice K ↪→Ks of separable closure of
the fraction field. Let U ⊂ S be the open complement of a normal crossing
divisor D = D1 ∪ . . . ∪ Dn; we write G =
⊕n
i=1 Ii where G = pi
t
0(U) and
Ii = pi
t
0(S \Di) ∼= Ẑ′.
We let A/U an abelian scheme extending to a semiabelianA/S. We write A′/U
for the dual abelian scheme, and A′/S for its unique semiabelian extension.
We assume that A/U admits a Ne´ron model N/S.
2.3.1 The fibrewise-connected component N 0. Thanks to the assump-
tion that A/U admits a semiabelian prolongation, the fibrewise-connected
component of identity of N is known:
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Lemma 2.9. Suppose A/U admits a Ne´ron model N/S. Then the canonical
morphism A → N is an open immersion, and induces an isomorphism from
A0 to the fibrewise-connected component of identity N 0. In particular, N 0/S
is semiabelian.
Proof. The fact that A → N is an open immersion follows from [GRR72, IX,
Prop. 3.1.e]. For every point s ∈ S of codimension 1, the restriction of N 0
to the local ring OS,s is the Ne´ron model of its generic fibre, by lemma 2.6.
It follows by [Ray70, XI, 1.15] that the induced morphism A0 → N 0 is an
isomorphism.
2.3.2 The group of components. We review the explicit description of the
group of connected components of a Ne´ron model given in [GRR72, IX, 11] in
terms of the monodromy pairing and the Tate module of A.
We are interested in the e´tale k-group scheme of finite type
Φ =
Ns
N 0s
.
As k is separably closed, Φ is determined by its group of k-rational points
Φ := Φ(k), which is a finite abelian group. We have
Φ =
Ns(k)
N 0s (k)
=
N (S)
N 0(S) =
A(U)
A(U)0
(22)
where by A(U)0 we denote the subset of A(U) of U -points specializing to S-
points of the identity component N 0. The second equality is a consequence of
Hensel’s lemma and the third of the defining property of Ne´ron models.
2.3.3 The prime-to-p part. We let l be a prime different from the residue
characteristic p = char k and n ≥ 0 be an integer. Taking ln-torsion in the
exact sequence
0→ A(U)0 → A(U)→ Φ→ 0
gives an exact sequence
0→ A[ln](U)0 → A[ln](U)→ Φ[ln]→ A(U)0/lnA(U)0
Multiplication by ln on the semiabelian scheme N 0s is an e´tale and surjective
morphism; it follows that N 0s (k) = A(U)0 is l-divisible; hence
Φ[ln] =
A[ln](U)
A[ln](U)0
(23)
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Writing T for TlA(K
s), we see that A[ln](K) = (T ⊗Z/lnZ)G. So we have an
expression for the part of eq. (23) above the fraction line.
Let’s turn to study A[ln](U)0. The latter, by the defining property of Ne´ron
models, is simply N 0[ln](S). Now, every section of a quasi-finite separated
scheme over S factors via its finite part, so N 0[ln](S) = N 0[ln]f (S). Be-
cause N 0(S) is l-divisible, we have N 0[ln]f (S) = (TlN 0)f (S)⊗Zl Z/lnZ. Now,
(TlN 0)f (S) is equal to TlA(Ks)f , which in turn is equal to TlA(Ks)G by
lemma 1.7.
This shows that A[ln](K)0 = TlA(K
s)G⊗ZlZ/lnZ. We have found the relation
Φ[ln] =
(T ⊗ Z/lnZ)G
TG ⊗ Z/lnZ . (24)
By taking the colimit over the powers of l we find that the l-part lΦ of the
group of components is given by
lΦ = colimn Φ[l
n] =
(T ⊗Ql/Zl)G
TG ⊗Ql/Zl . (25)
Let now X,X ′ be the character groups of the maximal tori of A and A′ at the
closed point of S. Similarly, for each i = 1, . . . , n, let Xi, X
′
i be the character
groups obtained over the generic point of Di.
Let now ϕ˜1 : X
′
1 → X∨1 . . . , ϕ˜n : X ′n → X∨n be the group homomorphisms
deduced from the monodromy pairings at the generic points of D1, . . . , Dn.
We can compose them, for each i = 1, . . . , n, with the specialization morphism
X ′ → X ′i and the dual X∨i → X∨. We obtain for every i = 1, . . . , n a group
homomorphism ψi : X
′ → X∨. Tensoring with Ql/Zl be obtain ψ̂i : X ′ ⊗
Ql/Zl → X∨ ⊗Ql/Zl. These give us another way to describe lΦ:
Proposition 2.10. Let l 6= p; then lΦ ⊆
⋂n
i=1 ψˆi, with equality if n = 1 or 0.
Proof. The case n = 0 is trivial. Recall from section 1.8 that a choice of
topological generator σi for Ii identifies ϕ˜i with the homomorphism
TlA(K
s)
TlA(Ks)Ii
→ TlAti(Ks)
given by applying σi − 1. Then ϕ̂i = ϕ˜i ⊗Ql/Zl is the homomorphism
TlA(K
s)⊗Ql/Zl
TlA(Ks)Ii ⊗Ql/Zl → TlA
ti(Ks)⊗Ql/Zl
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given by σ − 1. Its kernel is the subgroup (X ′i ⊗Ql/Zl)Ii = (TlA(K
s)⊗Ql/Zl)Ii
TlA(Ks)Ii⊗Ql/Zl
of Ii-invariant elements. This settles in particular the case n = 1, thanks to
(25).
Now, consider the map X∨i → X∨. It is injective with free cokernel, because
X → Xi is surjective of free abelian groups. Therefore the induced map
X∨i ⊗ Ql/Zl → X∨ ⊗ Ql/Zl is still injective. It follows that ker ψ̂i is the
preimage of (X ′i⊗Ql/Zl)Ii inX ′⊗Ql/Zl, so it certainly contains (X ′⊗Ql/Zl)Ii .
In particular, lΦ = (X
′ ⊗Ql/Zl)G =
⋂n
i=1(X
′ ⊗Ql/Zl)Ii ⊂
⋂n
i=1 ker ψ̂i.
2.3.4 The full group of components. In the case dimS = 1, we have
necessarily n = 0 or 1, and proposition 2.10 extends to describe the p-torsion of
Φ. Let ϕ˜ : X ′ → X∨ be the homomorphism corresponding to the monodromy
pairing (theorem 1.14), and consider the restriction of scalars to Q/Z,
ϕ̂ : X ′ ⊗Q/Z→ X∨ ⊗Q/Z.
Theorem 2.11 ([GRR72], IX.11.4). The group of components Φ is naturally
identified with coker ϕ˜ and with ker ϕ̂.
The fact that coker ϕ˜ = ker ϕ̂ is an immediate consequence of the fact that ϕ˜ is
an injective homomorphism between free finitely generated abelian groups of
the same finite rank, which in turn comes from the fact that the monodromy
pairing is non-degenerate.
The proof for the p-part relies on the theory of mixed extensions developed in
[GRR72], IX.9.3. As the theory is somewhat complicated, we avoided checking
whether proposition 2.10 extends to the case l = p.
3 Toric additivity
In this section we work over a regular, locally noetherian base scheme S, with
a normal crossing divisor D ⊂ S; we suppose that we are given an abelian
scheme A over the open U = S \ D, of relative dimension d, admitting a
(unique) semi-abelian model A/S. We let A′/U be the dual abelian scheme,
and A′/S the unique semi-abelian scheme extending it.
3.1 The strictly local case. Assume that S is strictly local, with fraction
field K, closed point s and residue field k = k(s) of characteristic p ≥ 0. The
divisor D has finitely many irreducible components D1, . . . , Dn. Each Di has
a generic point ζi. We let X (resp. X
′) be the character group of the maximal
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subtorus of As (resp. A′s), and, for each 1 ≤ i ≤ n, we let Xi (resp. X ′i) be the
character group of the maximal subtorus of Aζi (resp. A′ζi). By lemma 1.10,
all these tori are split and we may consider the character groups as abstract
free finitely generated abelian groups.
3.1.1 Toric additivity. We recall the existence of the injective purity map
1.11:
p : X ↪→X1 ⊕ . . .⊕Xn.
Definition 3.1. We say that A/S is toric-additive if the purity map p is an
isomorphism (or equivalently, is surjective).
Remark 3.2. Here are some preliminary observations about toric additivity:
i) Whether A/S is toric-additive depends only on the generic fibre AK/K,
since semi-abelian extensions are unique.
ii) Suppose that A/U is toric-additive. Let t be another geometric point of
S, and let J ⊂ {1, . . . , n} be defined by j ∈ J if and only if t ∈ Dj . Let
S′ → S be the strict henselization at t. Let Y be the character group of
the maximal torus of At. We have a commutative diagram
X
⊕
i=1,...,nXi
Y
⊕
j∈J Xj
where the horizontal maps are the purity maps; the left vertical map
is the specialization map (eq. (14)), and the right vertical map is the
obvious projection. The two vertical maps are surjective; hence, if the
upper horizontal map is surjective, so is the lower one. This shows that
if A/S is toric additive, so is the base change AS′/S′.
iii) In the trivial case n = 0 all character groups vanish, and A/S is toric
additive.
iv) Suppose n = 1. Then the injective purity map X ↪→X1 coincides with
the specialization map, which is surjective. Hence in this case A/S is
automatically toric additive.
Lemma 3.3. A/S is toric additive if and only if A′/S is.
Proof. Choose a polarization A → A′ of degree δ, which extends uniquely to
an isogeny λ : A → A′ of degree δ. We let λ′ : A′ → A be the dual isogeny.
24
Then λ and λ′ induce isogenies λ∗ and λ′∗ on character groups over the closed
fibre s, of degree δ∗ ≤ δ; and also isogenies λi : Xi → X ′i and λ′i : X ′i → Xi of
degree δi. The purity maps fit into a commutative diagram
X X ′ X
⊕
Xi
⊕
X ′i
⊕
Xi
p
λ∗
p′
λ′∗
p
(λi) (λ
′
i)
As the purity map p is an isomorphism, the composition of the two lower hor-
izontal maps is multiplication by (δ∗)2, which has determinant (δ∗)2µ, where
µ = rkX. Hence both lower horizontal maps have determinant (δ∗)µ which is
equal to the determinant of λ∗. It follows that p′ is an isomorphism.
3.1.2 l-toric additivity and the monodromy action. We keep the hy-
pothesis of section 3.1. We fix a prime l 6= p and consider the l-adic Tate mod-
ule TlA(K
s) where Ks is a separable closure of K; we recall that it is a free
Zl-module of rank 2d with an action of Gal(Ks|K), which factors via the sur-
jection Gal(Ks|K)→ G := pit,l1 (U) =
⊕n
i=1 Ii, where Ii := pi
t,l
1 (S\Di) = Zl(1)
for each i.
Definition 3.4. Let l 6= p be a prime. We say that A/S satisfies condition
F(l) if
TlA(K
s) =
n∑
i=1
TlA(K
s)⊕j 6=iIj or if n = 0. (26)
Remark 3.5.
i) Clearly, whetherA/S satisfies conditionF(l) depends only on the generic
fibre AK/K;
ii) suppose that A/S satisfies condition F(l); let t be another geometric
point of S and let J ⊂ {1, . . . , n} defined by j ∈ J if and only if t ∈ Dj .
Consider the strict henselization S′ at t. Then the morphism
pit,l1 (U ×S S′)→ pit,l1 (U)
induced by S′ → S is the natural inclusion⊕
j∈J
Ij →
n⊕
i=1
Ii.
It can be easily seen that
∑n
i=1 TlA(K
s)⊕j 6=iIj ⊆∑j∈J TlA(Ks)⊕k∈J\{j}Ik ;
hence AS′/S′ also satisfies condition F(l).
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iii) Condition F(l) is automatically satisfied if n = 1.
Theorem 3.6. Let S be a regular, strictly local scheme, with closed point s
of residue characteristic p ≥ 0, D = ⋃ni=1Di a normal crossing divisor on S.
Let A be an abelian scheme over U = S \D, of relative dimension d, admitting
a semiabelian prolongation A/S. Let l 6= p be a prime and G = pit,l1 (U) =⊕n
i=1 Ii with Ii = Zl(1).
The following conditions are equivalent:
a) A/S satisfies condition F(l).
b) The quotient TlA(K
s)/TlA(K
s)G of the Tate module by the subgroup
of G-invariant elements decomposes canonically into a direct sum of G-
invariant submodules V1, . . . , Vn such that for each j 6= i, Ii ⊂ G acts
trivially on Vj;
c) The purity map tensored with Zl,
ϕ⊗Z Zl : X ⊗ Zl → (X1 ⊕ . . .⊕Xn)⊗ Zl
is an isomorphism.
Proof. To make the notation lighter, we write T in place of TlA(K
s). We start
by proving that a) implies c). Notice that ϕ⊗Zl is an isomorphism if and only
if ϕ′ ⊗Zl is an isomorphism, where ϕ′ is the purity map for A′; this is proved
in the same way as lemma 3.3. Now, we need to show that the natural map
of Zl-modules of eq. (16), section 1.7
α : T/TG →
n⊕
i=1
T/T Ii
is surjective. Fix an element t ∈ T/T Ii . It is sufficient to show that there is a
lift t∗ ∈ T of t, such that t∗ is fixed by Ij for all j 6= i. Pick then an arbitrary
lift t ∈ T ; by hypothesis we can write it as t1 +t2 + . . .+tn, with tj ∈ T
⊕
k 6=j Ik .
Each tj with j 6= i maps to zero in T/T Ii , hence ti is a lift of t. Moreover ti
is fixed by Ij for every j 6= i as we wished to show.
We prove b) ⇒ a). Assume that a decomposition of T as in b) exists. Let
Wi ⊂ T be the preimage of Vi via the quotient map T → T/TG. Then, for
every 1 ≤ i ≤ n, Wi ⊆ T
⊕
j 6=i Ij . Since T =
∑n
i=1Wi, condition F(l) is
evidently satisfied;
We prove c)⇒ b). We consider the natural map of Zl-modules eq. (16)
α : T/TG →
n⊕
i=1
T/T Ii
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which is an isomorphism because ϕ′ ⊗ Zl is. We let Vi = α−1(T/T Ii). Notice
that for every i = 1, . . . , n, the inverse morphism α−1 identifies
⊕
j 6=i T/T
Ij
with the submodule T Ii/TG of T/TG. Hence Ij acts trivially on Vi, for every
j 6= i. Moreover, Vi is invariant under Ii, just by commutativity of the group
G. In particular Vi is G-invariant, which concludes the proof.
Definition 3.7. Let l 6= p be a prime. We say that the semi-abelian scheme
A/S is l-toric-additive if any of the equivalent conditions of theorem 3.6 is
satisfied.
Remark 3.8. Clearly, if A/S is toric additive then it is l-toric additivity for
all primes l 6= p. If the residue characteristic p is zero, then the converse is
also true.
Also for l-toric additivity we have the analogous of lemma 3.3:
Lemma 3.9. For a prime l 6= p, A/S is l-toric additive if and only if A′ is.
Proof. It is enough to show that the map in part c) of theorem 3.6 is an
isomorphism if and only if the analogous map for A is an isomorphism. The
same proof as for lemma 3.3 works also in this case.
3.1.3 Weak toric additivity.
Definition 3.10. We say that the semi-abelian scheme A/S is weakly toric-
additive if the inequality of toric ranks in eq. (17)
µ ≤ µ1 + µ2 + . . .+ µn
is an equality.
Remark 3.11. It is clear that A is weakly toric additive if and only if A′ is,
since the two share the same toric rank function µ; moreover, if t is a geometric
point of S and S′ → S the corresponding strict henselization, AS′/S′ is still
weakly toric additivity. This follows easily from the next lemma 3.12 together
with remark 3.5 part ii).
3.1.4 Relation between the different notions of toric additivity. While
it is evident that toric additivity of A/S implies l-toric additivity for all primes
l 6= p (by comparing ranks in part c) of theorem 3.6), we see that weak toric
additivity is a much weaker property:
Lemma 3.12. The following are equivalent:
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i) A/S is weakly toric additive;
ii) A/S is l-toric additive for all but finitely many primes l 6= p;
iii) A/S is l-toric additive for some prime l 6= p.
Proof. Weak toric additivity implies that the purity map is between free,
finitely generated abelian groups of the same rank, hence its cokernel is fi-
nite of some order N . Then for all primes l not dividing pN we have that A/S
is l-toric additive, which shows that i) implies ii). The implication ii)⇒ iii) is
trivial. Finally, we see that iii) implies i) by taking ranks in theorem 3.6.
3.1.5 Toric additivity and finite flat base change.
Lemma 3.13. Let r1, . . . , rn ∈ Γ(S,OS) be such that D ⊂ S is the zero locus
of r1 · r2 · . . . · rn. Let m1, . . . ,mn be positive integers and B be the Γ(S,OS)-
algebra
B =
Γ(S,OS)[T1, . . . , Tn]
Tm11 − r1, . . . , Tmnn − rn
(27)
Write T = SpecB and let f : T → S be the induced morphism of schemes.
let l 6= p be a prime. Then A/S is toric-additive, resp. l-toric additive,
resp. weakly toric additive, if and only if AT /T is toric additive, resp. l-toric
additive, resp. weakly toric additive.
Proof. Notice that T is a regular strictly local scheme, so all notions of toric
additivity for AT /T make sense. The statement follows easily from the fact
that f−1(D)red → D is an isomorphism.
3.2 Global definition of toric additivity. We have defined toric-additivity
over a strictly local base. We now remove this hypotheses and consider hy-
potheses as in the beginning of section 3.
Definition 3.14. We say that A/S is toric additive at a geometric point s of
S, if the base change A ⊗S SpecOshS,s to the strict henselization at s is toric
additive as in definition 3.1. We say that A/S is toric additive if it is so at all
geometric points s of S.
We define A/S to be l-toric additive for some l invertible on S, resp. weak
toric additive, in an analogous way.
Remark 3.15. It follows from the definition that toric additivity, l-toric ad-
ditivity, weak toric additivity are property e´tale-local on the target.
We actually have the stronger statement:
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Lemma 3.16. Toric-additivity, l-toric additivity and weak toric additivity are
local on the target for the smooth topology.
Proof. First, notice that for any n ≥ 1, A/S is toric additive if and only if its
base change via AnS → S is. Now, given f : T → S smooth and surjective, and
t¯ a geometric point lying over t ∈ T and over f(t) ∈ S, there is a commutative
diagram
T W ANV
S V
where W is an open neighbourhood of t and V an open neighbourhood of f(t),
and the map W 7→ ANV is e´tale. Now the statement follows from remark 3.15.
Lemma 3.17. Toric-additivity, l-toric additivity and weak toric additivity of
A/S are open conditions on S.
Proof. Suppose that A/S is toric-additive at a geometric point s. It is enough
to show that A/S is toric-additive on an e´tale neighbourhood of s, since e´tale
morphisms are open. We may therefore assume that D is a strict normal
crossing divisor and that s belongs to all irreducible components D1, . . . , Dn
of D.
Let t be another geometric point of S; we want to show that A/S is toric-
additive at t. This is true if t 6∈ D, so we may assume without loss of generality
that t belongs to D1, . . . , Dm for some 1 ≤ m ≤ n. Let ζ be a geometric point
lying over the generic point of D1 ∩ D2 ∩ . . . ∩ Dm; write Sζ , St, Ss for the
spectra of the strict henselizations of S at ζ, t, s respectively. The morphism
Sζ → S factors via Sζ → Ss, the strict henselization of Ss at ζ; hence, by
remark 3.2, ASζ/Sζ is toric-additive.
Consider now the natural map Sζ → St. Let Y be the character group at t, X
the character group at ζ, and Y1, . . . , Ym the character groups at the generic
points of D1, . . . , Dm. We have natural maps
Y → X → Y1 ⊕ . . .⊕ Ym
where the first arrow is the surjective specialization map, the second arrow
is the purity map for Sζ and the composition is the purity map for St. By
toric-additivity of A/Sζ , the second arrow is an isomorphism. As the compo-
sition of the two maps is injective, we see that Y → X is injective, hence an
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isomorphism. Hence the purity map for St is an isomorphism, as we wished
to show.
The same proof works for l-toric additivity when taking character groups ten-
sored with Zl. For weak toric additivity, we can restrict to an open neighbour-
hood of s such that the residue characteristic of s is the only non-invertible
prime, and then apply 3.12.
Lemma 3.18. Let B/U be an abelian subgroup scheme of A/U with a semi-
abelian prolongation A ↪→B over S. If A/S is toric additive, resp. l-toric
additive for some invertible prime l, resp. weakly toric additive, then so is
B/S.
Proof. We can reduce to S strictly henselian, with closed point s. Let X,Y be
the character groups of the maximal tori of As and Bs; and similarly let Xi, Yi
be the character groups at the generic points of D. We have a commutative
diagram of purity maps
X Y
⊕
Xi
⊕
Yi
where the vertical maps are the purity maps. As the purity map X →⊕Xi is
surjective, and as well all maps Xi → Yi induced by the injection A → B, we
conclude that Y → ⊕Yi is surjective. This shows the part of the statement
concerning toric additivity. The other two parts follow by considering character
groups tensored with Zl.
3.2.1 Three examples. Let k be an algebraically closed field, S = Spec k[[u1, u2]],
and let D be the vanishing locus of u1u2.
Example 3.19. Consider the nodal projective curve E ⊂ P2S given by the
equation
Y 2Z = X3 −X2Z − u1u2Z3.
The restriction EU/U , with its section at infinity, is an elliptic curve, and there-
fore naturally identified with its jacobian Pic0EU/U ; the smooth locus Esm/S
has a unique S-group scheme structure extending the one of EU/U , and is a
semi-abelian scheme.
Let ζ1, ζ2 be the generic points of D1 = {u1 = 0} and D2 = {u2 = 0}
respectively, and let s be the closed point {u1 = 0, u2 = 0}. The fibres of Esm
over ζ1, ζ2, s are all tori of dimension 1. It follows that Esm is not weakly toric
additive.
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Example 3.20. Consider for i = 1, 2 the nodal projective curve Ei ⊂ P2S given
by the equation
Y 2Z = X3 −X2Z − uiZ3.
In this case the restriction of Ei to S \Di, with its infinity section, is an elliptic
curve. The smooth locus Esmi /S has a unique structure of semiabelian scheme
extending the group structure on Ei,U . Let µi the toric-rank function for Ei/S.
Then µi(s) = 1 for i = 1, 2, while
µi(ζj) =
{
1 if i = j
0 if i 6= j
Hence each Ei/S is toric additive, and so is the S-semiabelian scheme of relative
dimension two E1 ×S E2.
Example 3.21. Consider the nodal curve C given by taking P1C, four closed
points P1, P2, Q1, Q2 and identifying P1 and P2 in a node P and Q1 and Q2
in a node Q. Let C/S be its universal deformation as a stable curve. Then S
is local of dimension 3g(C) − 3 = 3, with closed point s ∈ S and there is a
normal crossing divisor D ⊂ S such that C/S is smooth over S \D. There are
two irreducible components D1, D2 ⊂ D each one corresponding to the locus
on S where one of the two singular points of C is preserved. The fibre of C/S
over any of the two generic point ζ1, ζ2 of D is given by pinching a smooth
genus 1 curve to itself. Hence, µ(ζ1) = µ(ζ2) = 1, while µ(s) = 2, so C/S is
weakly toric additive. In view of lemma 3.22, it is actually toric additive.
3.3 Comparison with toric additivity of jacobians. The notion of toric
additivity was originally introduced in [Ore18] in the case where A/S is Pic0C/S
for a nodal curve C/S smooth over U = S \ D. In the case of jacobians, no
distinction between toric additivity and weak toric additivity is made, as they
are equivalent:
Lemma 3.22 ([Ore18], 2.5). Let C/S be a nodal curve, smooth over U , and
let A = Pic0C/S. Then A/S is toric additive if and only if it is weakly toric
additive.
The lemma follows immediately from the fact that for jacobians of curves, the
cokernel of the purity map is always torsion-free ([Ore18] 2.4).
We deduce:
Corollary 3.23. Let C/S be a nodal curve, smooth over U , and let A =
Pic0C/S. The following are equivalent:
i) A/S is weakly toric additive;
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ii) for some prime l 6= p, A/S is l-toric additive;
iii) for every prime l 6= p, A/S is l-toric-additive.
iv) A/S is toric additive.
The motivation for the introduction of toric additivity is that it serves as a
criterion for existence of Ne´ron models, by the following theorem:
Theorem 3.24 ([Ore18], 4.13). Let S be a regular, excellent scheme, D ⊂ S
a normal crossing divisor, C/S a nodal curve smooth over U = S \D. Then
the equivalent conditions of corollary 3.23 are equivalent to the existence of a
Ne´ron model for Pic0CU/U over S.
We deduce the following corollary:
Corollary 3.25. Let C,D be nodal curves over S, smooth over U , such that
the jacobians P = Pic0CU/U and Q = Pic0DU/U are isogenous. Then P admits
a Ne´ron model over S if and only if Q does.
Proof. It is enough to check the statement when S is local, strictly henselian.
Let f : P → Q be an isogeny, and pick a prime l different from the residue
characteristic of S and not dividing the degree of f . Then the induced map
f : TlP (K
s) → TlQ(Ks) is an isomorphism of Galois-modules. In particular
P is l-toric additive if and only if Q is.
3.4 An example. It is natural to ask whether lemma 3.22 holds for abelian
schemes as well. Surprisingly, the answer is negative. We present a counterex-
ample where the purity map has torsion cokernel:
Example 3.26. Let k = C and S the spectrum of the local ring of dimension
two R = k[[u, v]], which is complete with respect to its maximal ideal m =
(u, v). We denote by K its fraction field k((u, v)). We consider the split torus
over S of rank two G˜ = G2m,S = SpecR[x, x−1]×SpecR[y, y−1], with character
group X = Z2S generated by x and y. We choose a set of periods
Y = 〈a, b〉 ⊂ G˜(K) = K× ×K× a = (u4, u2), b = (u2, uv).
The groups of periods Y admits a principal polarization
λ : Y → X
a 7→ x
b 7→ y
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Using Mumford’s theory of relatively complete models, the data of G˜ and Y
yield a principally polarized semiabelian scheme G/S, with restriction GU/U
to U = S \ {uv = 0} an abelian scheme and with Gk = G˜k.
We are going to show that the G/S is weakly toric additive but not toric
additive. The polarization λ identifies X with the set of periods Y , which is
in turn naturally identified with the character group of the maximal torus of
the fibre of G∨/S over the closed point.
Consider, for every (a, b) ∈ Z2≥1, the trait Za,b = Spec k[[t]], and the morphism
fa,b : Z → S, given by u → ta, v → tb. We denote by ϕa,b : X → X the
monodromy pairing of the semiabelian scheme f−1a,bG over Z. The latter is de-
termined by the set of periods Ya,b ⊂ G˜(k((t))), Ya,b = 〈(t4a, t2a), (t2a, ta+b)〉.
It follows that
ϕa,b =
(
4a 2a
2a a+ b
)
(28)
On the other hand, ϕa,b can also be written as
X X1 ⊕X2 X1 ⊕X2 Xp ψa,b p
t
where: X1 ∼= Z, X2 ∼= Z are the character groups of the maximal subtori of
the fibres of G/S over the generic points ζ1, ζ2 of {u = 0} and {v = 0}; p and
pt are the purity map and its transpose; the central arrow is
ψa,b =
(
aϕ1 0
0 bϕ2
)
with ϕ1, ϕ2 the monodromy pairings of the restriction of G/S to the local rings
at ζ1 and ζ2.
Letting
p =
(
A B
C D
)
we find
ψa,b =
(
aA2ϕ1 + bC
2ϕ2 aABϕ1 + bCDϕ2
aABϕ1 + bCDϕ2 aB
2ϕ1 + bD
2ϕ2
)
=
(
4a 2a
2a a+ b
)
A calculation shows that A = 2, B = 1, C = 0, D = 1, that is,
p =
(
2 1
0 1
)
.
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We see immediately that the p is not surjective, and has finite cokernel of
order 2. This shows that G/S is l-toric additive for all primes l 6= 2, and in
particular is weakly toric additive, but it is not 2-toric additive.
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4 Ne´ron models of abelian schemes in
characteristic zero
In this section, we consider a locally noetherian, regular base scheme S, a
normal crossing divisor D on S, an abelian scheme A/U of relative dimension
d and a semi-abelian scheme A/S with a given isomorphism A×S U → A. We
will retain notations used in the previous sections.
4.1 Test-Ne´ron models.
Definition 4.1. Let N/S be a smooth, separated group algebraic space of
finite type with an isomorphism N ×S U → A; we say that it is a test-Ne´ron
model for A over S if, for every strictly henselian trait Z and morphism Z → S
transversal to D (definition 1.4), the pullback N ×S Z is the Ne´ron model of
its generic fibre.
It is clear that the property of being a test-Ne´ron model is smooth-local on the
base, and is also preserved by taking the localization at a point of the base, or
the strict henselization at a geometric point.
Lemma 4.2. The fibrewise-connected component of identity N 0 of N is semi-
abelian and is naturally identified with A/S.
Proof. Take a point s ∈ S and a morphism Z → S from a strictly henselian
trait, transversal to D, mapping the closed point of Z to s. Then NZ/Z is a
Ne´ron model of its generic fibre and in particular N 0Z/Z is semiabelian. Hence
N 0s is semiabelian. By uniqueness of semi-abelian extensions, N 0 is naturally
idenfitied with A.
4.1.1 Uniqueness. Just as Ne´ron models are unique up to unique isomor-
phism, the same holds for test-Ne´ron models:
Proposition 4.3. If M/S and N/S are two test-Ne´ron models for A, there
exists a unique isomorphismM→N that restricts to the natural isomorphism
M0 → N 0 of lemma 4.2.
Proof. The uniqueness is automatic, becauseN is separated andM0 is schemat-
ically dense in M. For the existence part, we proceed by induction on the
dimension of the base. In the case of dimS = 1, let Ssh be a strict henseliza-
tion of the trait S. The base change of a test-Ne´ron model to Ssh is a Ne´ron
model. By lemma 2.4, M and N are themselves Ne´ron models over S, and
therefore there exists an isomorphism M→N .
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Now let dimS = M and assume the statement is true for dimS < M . We claim
that we can reduce to the case of a strictly henselian local base S. Suppose that
for every geometric point s of S we can construct an isomorphism fs : MXs →
NXs where Xs is the spectrum of the strict henselization at s. Then we can
spread out fs to an isomorphism f
′ : MS′ → NS′ for some e´tale cover S′ of
S. Let S′′ := S′ ×S S′, p1, p2 : S′′ → S′ be the two projections and q : S′′ →
S. Because test-Ne´ron models are stable under e´tale base change, q∗M and
q∗N are test-Ne´ron models. The two isomorphisms p∗1f, p∗2f : q∗M → q∗N
necessarily coincide, thus f descends to an isomorphismM→N , which proves
our claim.
Let then S be strictly local, of dimension M , with closed point s and fraction
field K. The open V = S \ {s} has dimension M − 1; by inductive hypothesis
there is a unique isomorphism fV : MV → NV . We would like to extend it to
the whole of S.
Let Z be a regular, closed subscheme of S of dimension 1, transversal to D.
The existence of such Z ⊂ S is easily checked. We call L the fraction field
of Γ(Z,OZ). As Z is a strictly henselian trait, the pullbacks of M and N
to Z are Ne´ron models of their generic fibres ML and NL; the isomorphism
ML → NL induces a unique isomorphism α : MZ → NZ . Now let Φ and Ψ be
the e´tale S-group schemes of components ofM and N ; and let Φ and Ψ be the
finite abelian groups Φs(k) and Ψs(k) respectively, where k is the (separably
closed) residue field of S. The restriction of α to the fibre over s induces an
isomorphism αZ : Φ→ Ψ, a priori depending on the choice of the trait Z.
We show that the isomorphism Φ→ Ψ is independent of the choice of Z ⊂ S.
We may reduce to the case where Φ and Ψ are isomorphic to Z/qmZ, for some
prime q and m ≥ 0.
Let ϕZ : X
′ → (X)∨ be the homomorphism induced by the monodromy pairing
(cf. theorem 1.14) for M0Z , and ψZ : Y ′ → Y ∨ the one for N 0Z . Then Φ (resp.
Ψ) is naturally identified with the kernel of ϕZ⊗Z/qmZ (resp. ψZ⊗Z/qmZ) by
theorem 2.11. The natural isomorphism M0 → N 0 induces an isomorphism
between the duals N ′0 → M′0 and therefore isomorphisms X ′ → Y ′ and
Y → X, compatible with the monodromy pairings; we get a commutative
diagram
Φ X ′ ⊗ Z/qmZ X∨ ⊗ Z/qmZ
Ψ Y ′ ⊗ Z/qmZ Y ∨ ⊗ Z/qmZ
αZ
ϕZ⊗Z/qmZ
ψZ⊗Z/qmZ
We only need to show that the maps ϕZ and ψZ do not depend on the choice
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of transversal trait Z. This is indeed true by proposition 1.15. Hence the
isomorphism Φ → Ψ is independent of the choice of Z ⊂ S, hence canonical.
For this reason, we will write Φ for both groups Φ and Ψ.
Let now q be a prime and m the biggest integer for which qm divides the
order of Φ. We write ΦK (resp. X
′
K) for the constant group scheme over K
with value Φ (resp. X ′) and ΦK [q
m] for its q-torsion part. By section 1.5 and
theorem 2.11 we have an injective map
ΦK [q
m] ↪→ X ′K ⊗ Z/qmZ =
AK [q
m]
TqAf ⊗ Z/qmZ
As X ′K ∼= ZµK for some µ ≥ 0, there exists a section of the surjective map of
q-divisible groups
TqAK → TqAK
TqA
f
K
= X ′K ⊗ Zq.
We pick such a section and obtain a closed immersion of finite group schemes
ΦK [q
m] → AK [qm]; notice that ΦK [qm] is e´tale over K (in fact, a disjoint
union of copies of SpecK), while AK [q
m] is not if p = q. Repeating the
argument for all primes dividing N = ord(Φ), we obtain a closed immersion
of finite group schemes ΦK → AK [N ]. We denote by B ⊂ AK [N ] the closed
subscheme defined by the closed immersion.
Consider the schematic closure B of B inside M; we claim that B → S is
a disjoint union of open immersions. First, B is contained in M[N ] which
is quasi-finite and separated, hence it is itself quasi-finite and separated. By
Zariski’s main theorem, there exists a factorization B → T → S, with the
first map an open immersion and the second a finite morphism. Because TK
is finite over K, it is discrete, hence B = BK is open and closed in TK . The
schematic closure Y of BK inside T is still finite over S; moreover B → Y is an
open immersion and BK = YK . Therefore we may replace T by Y and simply
assume that the factorization B → T → S is such that BK = TK . Now,
BK = unionsqϕ∈Φ SpecK.
Because S is regular, every finite birational morphism to S is an isomorphism;
hence
T = unionsqϕ∈ΦS.
We deduce that B = unionsqϕ∈ΦVϕ is indeed a disjoint union of open subschemes of
S.
Next, we claim that B → S is finite, i.e. Vϕ = S for all ϕ ∈ Φ. As M[N ] is
finite over U , the restriction of the open immersion Vϕ → S to U is itself finite,
hence an isomorphism. In particular, it is given by some section U → A, which
restricts to a section SpecL → ASpecL over the generic point of the trait Z.
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As MZ is a Ne´ron model of its generic fibre, this section extends to a section
Z → MZ . This latter section is contained in the schematic closure of Vϕ,
which is Vϕ itself. This shows that Vϕ → S is surjective, and in particular an
isomorphism, as claimed.
Therefore, B is simply given by a disjoint union unionsqϕ∈Φbϕ of torsion sections
bϕ : S →M, and the restriction Bs is naturally isomorphic to Φs.
We construct B′ as the schematic closure of B inside N ; similarly, we write
B′ = unionsqϕ∈Φb′ϕ.
Now, recall that A is naturally identified with the fibrewise connected com-
ponents M0 and N 0. Let H = ⋃ϕ∈Φ(bϕ + A) ⊆ M. It is an open subgroup
S-scheme of M, and on the closed fibre we have Hs = Ms, since Bs = Φs.
In particular, M = MV ∪ H (recall that V = S \ {s}). Writing similarly
H′ = ⋃ϕ∈Φ(b′ϕ +A) ⊆ N , we have N = NV ∪H′.
Now, we construct an isomorphism H → H′ simply by sending bϕ to b′ϕ. To
obtain an isomorphism M → N it is enough to show that the given isomor-
phism fV : MV → NV and H → H′ agree on the intersectionMV ∩H = HV .
This is clear: indeed, the isomorphism fV : NV → N ′V is the unique isomor-
phism extending the identity morphisms between fibrewise connected com-
ponents AV → AV , and it sends the schematic closure of B inside MV to
the schematic closure of B inside NV ; that is, it restricts to an isomorphism
BV → B′V sending bϕ to b′ϕ. This concludes the proof.
4.1.2 Existence. We pass now to show that under the assumption of toric
additivity, test-Ne´ron models exist.
Theorem 4.4. Suppose that A/S is toric-additive. Then there exists a test-
Ne´ron model N/S for A.
Proof. Our proof is constructive; we subdivide it in steps.
Step 1: constructing the group Ψ. Let s be a geometric point of S, and
write Vs for the spectrum of the strict henselization at s. Let Ks be the field
of fractions of Vs, that is, the maximal extension of K unramified at s. Let
Js = {D1, . . . , Dn} be the finite set of components of the strict normal crossing
divisor D ×S Vs. For every i ∈ Js, let ζi be the generic point of Di, and Xi
the character group of the maximal torus of Aζi . Let also X be the character
group of the maximal torus of As. For every i ∈ Js, the monodromy pairing
at ζi induces a group homomorphism
X ′i ⊗Q/Z→ X∨i ⊗Q/Z
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with kernel Φi, the (finite) group of components of the Ne´ron model of AOζi .
We define the finite abelian group
Ψ :=
⊕
i∈Js
Φi ⊂
(⊕
i∈Js
X ′i
)
⊗Q/Z = X ′ ⊗Q/Z
where the last equality is deduced from the purity map, which is an isomor-
phism under our assumption of toric-additivity. We will write N for the order
of Ψ, so that Ψ ⊂ X ′ ⊗ Z/NZ.
We write X ′ and Ψ for the constant group schemes over Vs with value X ′ and Ψ
respectively; like in the proof of proposition 4.3 we may choose a section of the
surjection AKs [N ] → X ′Ks ⊗ Z/NZ, and therefore obtain an injective map of
group schemes α : ΨKs → AKs [N ]. We may see this as a group homomorphism
Ψ = ΨKs(Ks) → AKs [N ](Ks); we remark that it depends on the choice of
section X ′Ks ⊗ Z/NZ→ AKs [N ].
Consider now the set of sections S = {X ′Ks(Ks)⊗ Z/NZ→ AKs [N ](Ks)}. It
is a torsor under the finite group
⊕
l|N TlA
f (Ks) ⊗ Z/NZ, and as such it is
finite. As the group Ψ is finite as well, there exists a finite extension K → K ′,
unramified over s, such that for any choice of section in S, the associated map
Ψ→ A[N ](Ks) factors via A[N ](K ′).
Step 2: spreading out to an e´tale neighbourhood of s. The normaliza-
tion of S inside K ′ is unramified over the image of s in S, hence e´tale over it
([Sta16]TAG 0BQK), so we obtain an e´tale neighbourhood S′ of s, which we
may assume to be connected, with fraction field K ′. We write J ′ for the set
of irreducible components of D ×S S′. There is a natural function Js → J ′:
up to restricting S′, we may assume that it is bijective. Indeed, its surjectivity
corresponds to the fact that every component of D×S S′ contains (the image
of) s; imposing also injectivity means asking that D ×S S′ is a strict normal
crossing divisor. Thus, we need not distinguish between Js and J ′ and we
will simply write J for this set.
Step 3: constructing the subgroup-scheme H ⊆ AS′ ×S′ ΨS′ . We call
H ⊆ A[N ](K ′) × Ψ the image of Ψ via (α, id) : Ψ → A[N ](K ′) × Ψ; we let
H/S′ be the schematic closure of H inside AS′ ×S′ Ψ (where by Ψ we denote
the constant group scheme over S′ associated to the finite abelian group Ψ).
We may argue as in the proof of proposition 4.3 to show that H is e´tale over
S and actually it is a disjoint union unionsqj∈ΨVj → S′ of open immersions. In fact,
if we write U ′ = U ×S S′, the base change AU ′ is an abelian scheme; therefore
AU ′ [N ] ×U ′ ΨU ′ is finite, and each Vj → S′ is an isomorphism over U ′. This
can be restated by saying that the composition
HU ′ → AU ′ ×U ′ ΨU ′ → ΨU ′
is an isomorphism.
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Step 4: taking the quotient by H. Consider now the fppf-quotient
Nα := AS′ ×S′ ΨS′H .
The superscript α reminds us that H depends on the choice of section α. First,
we claim that its restriction NαU ′ is canonically isomorphic to AU ′ . Indeed, we
observed that HU ′ = ΨU ′ , and the quotient morphism for ΨU ′ → AU ′×U ′ΨU ′ ,
ψ 7→ (α(ψ), ψ) is AU ′ ×U ′ ΨU ′ → AU ′ , (a, ψ) 7→ a − α(ψ), which proves the
claim.
Because H is e´tale, Nα is automatically an algebraic space; we claim that it is
actually representable by a scheme. As the quotient morphism p : AS′×S′Ψ→
Nα is an H-torsor, p is e´tale. In particular the restriction of p to the connected
component of identity, AS′ × {0} → Nα, is e´tale; it is also separated, and an
isomorphism over U ′. It follows that it is an open immersion. Hence, all other
components AS′ ×{ψ} map to Nα via an open immersion. The disjoint union⊔
ψ∈ΨAS′ ×S′ {ψ} surjects onto Nα, and this gives us an open cover of Nα
by schemes.
In summary, we have obtained an S′-group scheme Nα, which restricts to A
over U ′; moreover, it is S′-smooth, of finite presentation, and separated, since
H is closed in the separated scheme AS′ ×S′ ΨS′ .
Step 5: showing that Nα is a test-Ne´ron model. To ease notation, let
us write S in place of S′, D =
⋃
i∈J Di for the strict normal crossing divisor
D×S S′. Let Z be a strictly henselian trait, with closed point z, and g : Z → S
a morphism transversal to D. Write T for the strict henselization of S at z
and E ⊆ J for the subset of indices of components Di that contain z. Let also
M/Z be the Ne´ron model of A ×S Z. The Ne´ron mapping property gives a
morphism NαZ →M, which is an open immersion and induces an isomorphism
between the fibrewise-connected components of identity, as they are both semi-
abelian (lemma 2.9). Let Φ and Υ be the finite abelian groups of connected
components of the fibres Nαz and Mz respectively. To show that NZ →M is
an isomorphism, we only need to check that the induced morphism Φ→ Υ is
an isomorphism. It is certainly injective; we claim that it is also surjective.
Let Y, Y ′ be the character groups of the maximal tori of Az,A′z. By theo-
rem 2.11, Υ is the kernel of the map Y ′ ⊗ Q/Z → Y ∨ ⊗ Q/Z induced by the
monodromy pairing. Now for every i ∈ J , let Xi (resp. X ′i) be the charac-
ter group of the maximal torus contained in Aζi (resp. A′ζi), where ζi is the
generic point of Di. By the assumption of toric additivity, Y is identified with⊕
i∈E Xi and Y
′ with
⊕
i∈E X
′
i.
The composition Ψ = Ψ(z) Ψ(z)/H(z) = Φ ↪→ Υ fits into the commutative
diagram with exact rows
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0 Ψ
⊕
i∈J X
′
i ⊗Q/Z
⊕
i∈J X
∨
i ⊗Q/Z
0 Υ
⊕
i∈E X
′
i ⊗Q/Z
⊕
i∈E X
∨
i ⊗Q/Z
where the rightmost horizontal maps are direct sums of the monodromy pair-
ings. The fact that the bottom-right horizontal map is the sum of the mon-
odromy pairings at the various ζi, i ∈ E follows from proposition 1.15.
Now, clearly the two rightmost vertical maps are surjective and admit com-
patible sections going upwards, obtained by the inclusion E ⊂ J ; hence also
the map Ψ → Υ admits a section Υ → Ψ, and is therefore surjective, which
proves the claim.
We have shown that the object Nα that we have constructed is a test-Ne´ron
model for A/S; in particular, choosing β : ΨKs → AKs [N ] different from α,
induces a natural S′-isomorphism Nα → N β , by proposition 4.3. We may
therefore drop the superscript α.
Step 7: descending N along S′ → S. For every geometric point s of S,
we have found an e´tale neighbourhood S′ → S and a test-Ne´ron model N/S′
over S′. Using uniqueness up to unique isomorphism of test-Ne´ron models,
their stability under e´tale base change, and effectiveness of e´tale descent for
algebraic spaces, we obtain a smooth separated algebraic space of finite type
N˜ over S, and an isomorphism N˜ ×S U → A. Because the property of being
a test-Ne´ron model is e´tale-local, N˜ is itself a test-Ne´ron model for A over
S.
4.2 Test-Ne´ron models and finite flat base change. In [Edi92], Edix-
hoven considers the case of an abelian variety AK over the generic point of
a trait S, and a tamely ramified extension of traits pi : S′ → S whose associ-
ated extension of fraction fields K → K ′ is Galois. He considers the Ne´ron
model N/S of AK and the Ne´ron model N ′/S′ of AK′ : after defining a certain
equivariant action of Gal(K ′|K) on the Weil restriction pi∗N ′, he shows that
N is naturally identified with the closed subgroup-scheme of Gal(K ′/K)-fixed
points of pi∗N ′.
In this subsection, we aim to show an analogous statement for test-Ne´ron
models of toric additive abelian schemes, over a base of higher dimension.
We let then S be a noetherian, regular, strictly local scheme, of residue char-
acteristic p ≥ 0, D = ∪ni=1 div(ti) a normal crossing divisor on S (thus the ti
are part of a system of regular parameters for OS(S)), A an abelian scheme
over U = S \D, A/S a toric-additive semi-abelian scheme extending A.
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Consider now a finite flat cover pi : T → S of the form
T = Spec
OS(S)[X1, . . . , Xn]
Xm11 − t1, . . . , Xmnn − tn
for some positive integers m1, . . . ,mn all coprime to the residue characteristic
p. Then T is a regular strictly local scheme. We denote by K ′ its field of
fractions. The morphism pi is finite e´tale over U , tamely ramified over S, and
the preimage via pi : T → S of D is the normal crossing divisor pi−1(D) =
∪ni=1 divXi.
We have a commutative diagram
Gal(Kt|K ′) pit1(UT ) =
⊕n
i=1 Ẑ′(1)
Gal(Kt|K) pit1(U) =
⊕n
i=1 Ẑ′(1)
where Kt is the maximal tame extension of K, Ẑ′(1) =
∏
l 6=p Zl(1), and the
right vertical arrow is given by taking the mi-th power on the i-th compo-
nent. We will write pi1(U) =
⊕n
i=1 Ii and identify pi
t
1(UT ) with its subgroup⊕n
i=1miIi (using additive notation).
The fraction field K ′ of T is an extension of K of order m1 ·m2 · . . . ·mn, and
we write G for the Galois group Gal(K ′|K). As it has order m1 ·m2 · . . . ·mn,
we see that it is identified with the quotient pit1(UT )/pi
t
1(U) =
⊕n
i=1 Ii/miIi =⊕n
i=1 µmi(U).
By lemma 3.13, A ×S T is still toric-additive. We follow the construction
carried out in the proof of theorem 4.4 to obtain a test-Ne´ron model M/T :
to start with, we consider for each i = 1, . . . , n the monodromy pairing for
ϕ : X ′i → X∨i for A at the generic point of div ti. The monodromy pairing
ϕ′i for AT at the generic point of divXi is then given by composing ϕi with
multiplication by mi,
ϕ′i = mi · ϕi : X ′i → X∨i .
We construct the finite abelian group
Ψ′ =
n⊕
i=1
ker(ϕ′i ⊗Q/Z).
Lemma 4.5. There is a natural action of G on Ψ′.
Proof. It is enough to define the action of G on the l∞-torsion part Ψ′⊗Ql/Zl,
for each prime number l.
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We start by letting G act trivially on the p∞-part. For l 6= p, we describe the
natural action of G on the l∞-torsion part Ψ′[l∞]. The l-monodromy pairing
ϕi ⊗ Zl is given by
σi − 1: TlA(K
s)
TlA(Ks)Ii
→ TlAti(Ks)
where σi is a generator of Ii. Hence ϕ
′
i⊗Zl = mi·ϕi⊗Zl = mi(σi−1) = σmi−1.
The G-action on TlA(K
s) is compatible with the Weil pairing; hence Ii acts on
ker(ϕ′i⊗Ql/Zl) = ker((σmii − 1)⊗Ql/Zl). Since σmii is the generator of miIi,
the kernel is fixed by miIi. It follows that there is a natural action of Ii/miIi
on ker(ϕ′i⊗Ql/Zl), hence a natural action of G =
⊕
Ii/miIi on Ψ
′[l∞], hence
a natural action of G on Ψ′ =
⊕
l Ψ
′[l∞].
We write
Ψ =
n⊕
i=1
ker(ϕi ⊗Q/Z).
Clearly, Ψ is a subgroup of Ψ′.
Lemma 4.6. Ψ is equal to the subgroup Ψ′G of invariants with respect to the
G-action which we defined in lemma 4.5.
Proof. Again, we only need check this on the l∞-parts.
When l = p, the claim says that Ψ[p∞] = Ψ′[p∞], as G acts trivially on the
p-part of Ψ′. This is indeed true: as every mi is coprime to p, we have for all
i = 1, . . . , n,
ker(ϕi ⊗Qp/Zp) = ker(miϕi ⊗Qp/Zp).
If l 6= p, ker(ϕi⊗Ql/Zl) consists of those elements of ker(ϕ′i⊗Ql/Zl) that are
in the kernel of σi−1, hence the Ii/miIi-invariants, as we wanted to show.
Next, we let N = ord(Ψ′). Thank to the hypothesis of toric additivity, we
can go carry out the construction of a test-Ne´ron model as in the proof of
theorem 4.4. We start by choosing a section α : Ψ′ → A[N ](K ′) of the natural
surjection A[N ](K ′) → Ψ′. Then we write H ′ for the image of Ψ′ (α,id)−−−−→
A[N ](K ′) × Ψ′ and H′ for its schematic closure inside AT ×T Ψ′T . The fppf-
quotient
M = AT ×T Ψ
′
T
H′
is represented by a test-Ne´ron model for AU ′ over T .
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In order to compareM and N , we will consider the Weil restriction ofM via
pi : T → S, that is, the functor pi∗M : (Sch /S) → Sets given by (Y → S) 7→
M(Y ×S T ). Recall that we have an exact sequence of fppf-sheaves of abelian
groups
0→ H′ → AT ×T Ψ′T →M→ 0.
As pi is a finite morphism, the higher direct images of pi for the fppf-topology
vanish, and we have an exact sequence of fppf-sheaves
0→ pi∗H′ → pi∗AT ×S pi∗Ψ′T → pi∗M→ 0.
We claim that pi∗M is representable by a scheme. By [Ray70, XI, 1.16],
semi-abelian schemes are quasi-projective, hence so is AT ×T Ψ′T . Clearly
H′/T is quasi-projective as well. As pi : T → S is finite and flat, pi∗H′ and
pi∗AT ×S pi∗Ψ′T are schemes (see for example [Edi92, 2.2]). Now, pi∗H′/S
is e´tale ([Sch94, 4.9]), and its intersection with the identity component of
pi∗AT×Spi∗Ψ′T is trivial. Reasoning as in the proof of theorem 4.4, we conclude
that pi∗M has an open cover by schemes, hence it is a scheme.
We want to define an equivariant action of G on pi∗M → S, where G acts
trivially on S. To do this, we let first G act on AK′ via the action of G on K
′.
By [Del85, 1.3 pag.132] the action of G extends uniquely to an equivariant
action on AT → T . We have also described an action of G on Ψ′, which
induces an equivariant action on Ψ′T → T . We put together these actions to
find an equivariant action of G on AT ×T Ψ′T → T : clearly H ′ is G-invariant,
thus the same is true for its schematic closure H′. Therefore the action of G
descends to an equivariant action of G on M→ T .
To define the action ofG on pi∗M, we let g ∈ G act on pi∗M via the composition
pi∗M×S T (id,g)−−−→ pi∗M×S T →M g
−1
−−→M.
where the second arrow is given by the identity morphism pi∗M→ pi∗M. This
defines the desired equivariant action of G on pi∗M→ S.
Consider the functor of fixed points (pi∗M)G : Sch /S → Sets, (Y → S) 7→
pi∗M(Y )G. Then (pi∗M)G is represented by a closed subgroup-scheme of pi∗M
[Edi92, 3.1]; as the order of G is invertible on S, (pi∗M)G is even smooth over
S ([Edi92, 3.4]).
Proposition 4.7. Let N/S be a test-Ne´ron model over S. There is a canonical
closed immersion ι : N → pi∗M, which identifies N with the subgroup-scheme
of fixed points (pi∗M)G.
Proof. As usual, N can be constructed by choosing a section α : Ψ→ A[N ](K),
constructing H ⊂ A[N ](K)×Ψ and taking its closureH ⊂ A×SΨS , and finally
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the quotient. As the choice of α does not matter, we may assume it is the one
obtained by restriction of the section Ψ′ → A[N ](K ′) used to construct H ′. It
follows that
H = H ′ ∩ (A(K)×K Ψ) (29)
By generalities on the Weil restriction [BLR90, pag. 198], the canonical mor-
phism A → pi∗AT is a closed immersion. The natural injection Ψ → Ψ′ gives
a closed immersion A×S ΨS → pi∗AT ×S Ψ′S = pi∗(AT ×T Ψ′T ). To show that
it descends to a closed immersion N → pi∗M, it is enough to show that
pi∗H′ ∩ (A×S ΨS) = H. (30)
Notice that eq. (29) realizes eq. (30) on the level of generic fibres. Now, pi∗H′
is e´tale over S, and it is a closed subscheme of pi∗AT ×S Ψ′S . Hence, it is
the schematic closure of its generic fibre, which is H ′. Then, the intersection
H∗ := pi∗H′ ∩ (pi∗AT ×S ΨS) is clearly still e´tale over S, and has generic fibre
H. Thus H∗ is the schematic closure of H in pi∗AT ×SΨS . On the other hand,
H → A×SΨS → pi∗AT ×SΨS is a closed immersion, and H is e´tale over S and
has generic fibre H. As H and H∗ are both e´tale over S, have same generic
fibre and are both closed subschemes of pi∗AT ×S ΨS , they are equal. Since
H is contained in A×S ΨS , so is H∗ and we obtain eq. (30). This proves that
we have a closed immersion ι : N → pi∗M.
Now, the restriction of ι to the generic fibre is the closed immersion A →
pi∗AK′ , which identifies A with (pi∗AK′)G. Both (pi∗M)G and N are both S-
smooth closed subschemes of pi∗M, so both are equal to the schematic closure
in pi∗M of their own generic fibre. As they share the same generic fibre, they
are equal.
4.3 Test-Ne´ron models are Ne´ron models. The objective of this sub-
section is to prove the following:
Theorem 4.8. Let S be a locally noetherian, regular Q-scheme, D a normal
crossing divisor on S, A/S a semiabelian scheme such that its restriction AU
to the open U = S \D is abelian and toric additive. Then AU admits a Ne´ron
model over S.
In view of theorem 4.4, theorem 4.8 is an immediate corollary of the following
proposition:
Proposition 4.9. Hypotheses as in theorem 4.8. Let N/S be a test-Ne´ron
model for AU over S. Then N/S is a Ne´ron model.
We will subdivide the proof of proposition 4.9 in two main steps (proposi-
tions 4.10 and 4.11).
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Proposition 4.10. In the hypotheses of proposition 4.9, assume S has di-
mension 2. Then the test-Ne´ron model N/S is a weak Ne´ron model for AU .
Proof. Let σ : U → A be a section; we want to show that it extends to a section
S → N , or equivalently, that the schematic closure σ(U) ⊂ N is faithfully flat
over S. The latter may be checked locally for the fpqc topology; hence, we may
reduce to the case where S is the spectrum of a complete, strictly henselian
local ring. The normal crossing divisor D has at most 2 components; up to
restricting U we may assume they are exactly two, and that D is the zero locus
of uv, with u, v regular parameters for Γ(S,OS).
Notice that the schematic closure σ(U) may a priori fail to be flat only over the
closed points of S, as S \ {s} is of dimension 1. By the flattening technique of
Raynaud-Gruson ([GR71, 5.2.2]), there exists a blowing-up S˜ → S, centered
at s, such that the schematic closure of σ(U) inside NS˜ is flat over S˜. Because
S has dimension 2, we can find a further blow-up S′ → S˜ such that the
composition S′ → S is a composition of finitely many blowing-ups, each given
by blowing-up the ideal of a closed point with its reduced structure. It follows
that the exceptional fibre E ⊂ S′ of S′ → S is a chain of projective lines
meeting transversally. Let Σ ⊂ NS′ be the schematic closure of σ(U). The
morphism Σ→ S′ is flat, but may a priori not be surjective. At this point we
only know that the image of Σ contains S′ \ E.
We claim that Σ → S′ is surjective. Let p ∈ E. It’s easy to show that
there exists some strictly henselian trait Z with closed point z and a closed
immersion Z → S′ mapping z to p and such that Z meets E transversally.
We call L the field of fractions of OZ(Z). The section σ : U → A restricts to
a section σL : SpecL→ AL; to establish the claim, it suffices to show that σL
extends to a section Z → NZ . We consider the composition ϕ : Z → S′ → S
and the pullbacks ϕ∗(u), ϕ∗(v) ∈ OZ(Z). Let m,n ∈ Z≥1 be their respective
valuations. Now let pi : T → S be the finite flat morphism given by extracting
an m-root of u and an n-root of v, that is,
T = Spec
OS(S)[x, y]
xm − u, yn − v .
Then T is itself the spectrum of a regular, strictly henselian local ring and the
preimage pi−1(D) is the zero locus of xy and hence a normal crossing divisor.
The pullback of A via T → S is still toric additive (lemma 3.13) and therefore
we can construct a test-Ne´ron modelM/T . Using the hypothesis that the base
S has equicharacteristic zero, we may apply the results of section 4.2: writing
X = pi∗M for the Weil restriction along pi and G := AutS(T ) = µm ⊕ µn, we
have by proposition 4.7 that XG = N .
Now, as Z is a strictly henselian and of residue characteristic zero, O(Z)
contains all roots of elements of O(Z)×, and we can find uniformizers tu, tv ∈
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OZ(Z) such that tmu = ϕ∗(u) and tnv = ϕ∗(v). These elements give us a lift
of ϕ : Z → S to ψ : Z → T . Then ψ is a closed immersion meeting f−1(D)
transversally. This means that the base change MZ/Z is a Ne´ron model
of its generic fibre. Consider the section σL : SpecL → AL. Composing it
with the closed immersion AL = (pi∗M)GL ↪→ (pi∗M)L gives, by definition
of Weil restriction, a morphism SpecL ×S T → ML. Precomposing with
(id, ψ) : SpecL → SpecL ×S T , we obtain a section σ˜L : SpecL → ML. As
MZ/Z is a Ne´ron model of its generic fibre, σ˜L extends uniquely to a section
Z →MZ . This gives us a morphism of T -schemes Z →M and by composition
a T -morphism Z ×S T → Z → M, that is, a section m ∈ X(Z) of the Weil
restriction. Notice that the generic fibre of m is σL, which lands in the part
of X fixed by G; as XG = N is a closed subscheme of X we deduce that m
lands inside N . So m ∈ N (Z) is the required extension of σL and we win.
As Σ → S′ is faithfully flat, separated and birational, it is an isomorphism.
Hence σ : U → A extends to a section σ′ : S′ → NS′ . We are going to show
that σ′ descends to a section θ : S → N . The restriction of σ′ to E maps a
connected chain of projective lines to a connected component of Ns (where s is
the closed point of S). Every connected component of Ns is isomorphic to the
semi-abelian variety N 0s , hence does not contain projective lines. It follows
that σ′|E is constant and that it descends to a morphism Spec k(s) → Ns.
Let J be the ideal sheaf of the exceptional fibre E ⊂ S′ and define S′n ⊂ S′
to be the closed subscheme defined by J n+1 for every n ≥ 0. Similarly let
Sn := SpecOS(S)/mn+1, where m is the maximal ideal of OS(S). We have
shown that σ′|E : S
′
0 → N descends to a morphism θ0 : S0 → N . Now, by
smoothness of N , every morphism Sj−1 → N admits a lift Sj → N ; the set of
such lifts is given by H0(S0,Ω
1
NS0/S0⊗OS0 m
j/mj+1). The canonical morphism
H0(S0,Ω
1
NS0/S0 ⊗OS0 m
j/mj+1)→ H0(S′0,Ω1NS′0/S′0 ⊗OS′0 J
j/J j+1)
is an isomorphism, due to the fact that the space of global sections of J j/J j+1 =
OS′0(j) is equal to mj/mj+1. Thus the set of liftings of α ∈ HomS(Sj ,N )
to HomS(Sj+1,N ) is naturally in bijection with the set of liftings of α|S′j ∈
HomS(S
′
j ,N ) to HomS(S′j+1,N ). The reductions modulo J j of σ′ : S′ → NS′
provides a compatible set of liftings of σ′|S′0 , and therefore a compatible set of
liftings of θ0; which in turn by completeness of S yield the desired morphism
S → N .
The next step is extending the result to the case of dimS > 2.
Proposition 4.11. In the hypotheses of proposition 4.9, N/S is a weak Ne´ron
model.
Proof. As in the proof of proposition 4.10, we may assume that S is the spec-
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trum of a complete strictly henselian local ring. We proceed by induction on
the dimension of S. If the dimension is 1, the statement is clearly true, and
the case of dimension 2 is the statement of proposition 4.10. So we let n ≥ 3
be the dimension of S and we suppose that the statement is true when S has
dimension n− 1. Let σ : U → A be a section. Because V = S \ {s} has dimen-
sion n − 1, and because AV is still toric additive (lemma 3.16), σ extends to
σ : V → NV .
Next, we cut S with a hyperplane H transversal to all the components of
the normal crossing divisor D, but paying attention to choosing H so that
D ∩ H (with its reduced structure) is still a normal crossing divisor on H.
This is always possible: consider a system of regular parameters u1, u2, . . . , un
for S such that D is the zero locus of u1u2 · · ·ur for some r ≤ n; then H
can be chosen to be, for example, the hypersurface cut by u1 − un. Because
H is transversal to D, it is clear that the base change NH/H is still a test-
Ne´ron model. By our inductive assumption on the dimension of the base,
σ|H : H ∩ U → A extends to θ0 : H → N . Now we would like to put together
the data of σ and θ0 to extend σ : V → NV to a section θ : S → N . Let J ⊂ OS
be the ideal sheaf of H and for every j ≥ 1 define Sj to be the closed subscheme
cut by J j+1. We have a morphism θ0 : H = S0 → N . By smoothness of N ,
there exists for every j ≥ 0 a lifting of θ0 to an S-morphism Sj → N . The set
of liftings of an S-morphism Sj−1 → N to an S-morphism Sj → N is given
by the global sections of the locally-free sheaf F := Ω1N/S ⊗ J j/J j+1 on S0.
Because dimS0 ≥ 2 and V = S \ {s}, we have H0(S0,F) = H0(V ∩ S0,FV ),
and the latter parametrizes liftings of morphisms Sj−1∩V → N to Sj∩V → N .
The section σ : V → NV gives a compatible choice of lifting for every j ≥ 0,
and we get by completeness of S a morphism S → N agreeing with σ on V ,
as we wished.
We can now conclude the proof of proposition 4.9.
Proof of proposition 4.9. Let T → S be a smooth morphism; then AT /T is
toric-additive by lemma 3.16 and the base change NT /T is a test-Ne´ron model.
Now, given σU : TU → A, we obtain a section TU → A ×U TU , which by
proposition 4.11 extends to a section T → NT . The latter is the datum of an
S-morphism σ : T → N extending σU .
We give a corollary of theorem 4.8.
Corollary 4.12. Let S be a connected, locally noetherian, regular Q-scheme,
D a regular divisor on S, A an abelian scheme over U = S \D extending to a
semi-abelian scheme A/S. Then A admits a Ne´ron model over S.
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Proof. At every geometric point s of S, D has only one irreducible component.
It follows that A/S is toric-additive and we conclude by theorem 4.8.
Remark 4.13. It is not clear whether the hypothesis that S has equichar-
acteristic zero can be removed, at least partially, from theorem 4.8. In the
course of the proof, the characteristic assumption is used only in the proof of
proposition 4.10, where we apply proposition 4.7 on descent of Ne´ron models
along tamely ramified covers of discrete valuation rings. Removing the char-
acteristic assumption would involve generalizing proposition 4.7 to the case of
wildly ramified covers.
5 A converse statement
We conclude with a partial converse statement to theorem 4.8.
Theorem 5.1. Let S be a locally noetherian, regular Q-scheme, D a normal
crossing divisor on S, A/S a semiabelian scheme such that its restriction
A = AU to U = S \ D is abelian. Assume that A/U and its dual A′/U
admit Ne´ron models N/S and N ′/S which are at the same time also test-
Ne´ron models.
Then A/S is toric additive.
Proof. We may reduce to the case where A is principally polarized. Indeed,
A4 × A′4 is principally polarized (by Zarhin’s trick) and still admits a Ne´ron
model N 4 × N ′4 which is a test-Ne´ron model. If the unique semiabelian
extension A4 ×A′4 is toric additive, then so is A.
Next, we may restrict to the case where S is strictly henselian, by lemma 2.6
and the fact that toric additivity is defined at strict henselizations. Now we
argue by induction on the number of irreducible components of D. If D is
empty, A/S is automatically toric additive. We let then n > 0 be the number
of components of D and assume that the result is true for divisors with less
than n irreducible components.
We write ζ1, . . . , ζn for the generic points of D, and X1, . . . , Xn for the groups
of characters of the maximal tori of the fibres of A over the ζi’s. Let also ζ
be the generic point of D2 ∩ D3 ∩ . . . ∩ Dn, and Y the corresponding group
of characters. Let S′ → S be a strict henselization at a geometric point lying
over ζ. By inductive hypothesis, AS′/S′ is toric additive. That is, the purity
map at ζ, pζ : Y → X2⊕ . . .⊕Xn, is an isomorphism. To prove toric additivity
of A/S, that is, that the purity map X → X1 ⊕ . . . Xn is an isomorphism, it
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suffices therefore to show that the natural morphism
X → X1 ⊕ Y
is an isomorphism. Let us write Y1 := X1, Y2 := Y . We make a choice of bases
for X,Y1, Y2, so that these groups are identified with their duals with values
in Z. We consider the diagram of free finitely generated abelian groups
X Y1 ⊕ Y2 Y1 ⊕ Y2 XA Ψ A
t
(31)
where:
• the injective matrix A is equal to
(
P
Q
)
, with P and Q the surjective
matrices corresponding to the two specialization maps.
• Ψ =
(
Ψ1 0
0 Ψ2
)
, where Ψ1 : Y1 → Y ′∨1 = Y1 is the monodromy pairing
at ζ1, and Ψ2 : Y2 → Y2 is the direct sum of the monodromy pairings at
ζ2, . . . , ζn. By theorem 1.14, Ψ1 and Ψ2 are symmetric, positive definite.
• At is the transpose of A.
Tensoring with Q/Z we obtain a new diagram
X¯ Y¯1 ⊕ Y¯2 Y¯1 ⊕ Y¯2 X¯A¯ Ψ¯ A¯
t
(32)
Let Z → S be a transversal trait mapping the closed point to the closed point.
The composition (31) is the monodromy pairing for AZ , by proposition 1.15.
By theorem 2.11 the component group Υ of the Ne´ron model of AZ over Z
is ker(A¯tΨ¯A¯) = coker(AtΨA). On the other hand, the component group Φ
of N/S at the closed point is contained in ker(P¯ tΨ¯1P¯ ) ∩ ker(Q¯tΨ¯2Q¯), by
proposition 2.10. Our hypotheses tell us that Ψ = Φ.
Claim 5.2. ker(P¯ tΨ¯1P¯ ) ∩ ker(Q¯tΨ¯2Q¯) = coker(AtΨ)
Proof. As P and Q are surjective homomorphisms of free abelian groups, P t
and Qt are injective with free cokernel. If tollows that P¯ t and Q¯t are injective.
The statement becomes coker(AtΨ) = ker(Ψ¯1P¯ )∩ker(Ψ¯2Q¯) = ker(Ψ¯A¯). Now,
ΨA is injective; it’s a simple check that an injective morphism f of free finitely
generated Z-modules satisfies coker(f t) = ker(f ⊗ Q/Z). This proves the
claim.
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The canonical isomorphism Ψ = Φ gives us a natural injective morphism
of finite abelian groups coker(AtΨ) ↪→ coker(AtΨA). Clearly, there is also a
natural quotient map between the two, and it follows that
coker(AtΨ) = coker(AtΨA).
This can be restated by saying im(AtΨ) = im(AtΨA). As AtΨA is injective,
we obtain a unique group homomorphism θ : Y1 ⊕ Y2 → X, such that
AtΨAθ = AtΨ. (33)
We write θ = (θ1, θ2) with θ1 : Y1 → X and θ2 : Y2 → X. Because AtΨA is
injective, we immediately get
θA = idX . (34)
We consider the two endormorphisms χ1 = θ1P and χ2 : θ2Q of X. Equation
(34) gives us
χ1 + χ2 = idX . (35)
Restricting (33) to Y1, we get P
tΨ1 = A
tΨAθ1. Precomposing with P , we
find
P tΨ1P = A
tΨAχ1 = P
tΨ1Pθ1 +Q
tΨ2Qθ1. (36)
Together with (35), this implies that
P tΨ1Pχ2 = Q
tΨ2Qχ1. (37)
Let M = P tΨ1P and N = Q
tΨ2Q. They are both positive semidefinite
matrices, and we have the system given by (35) and (37){
Mχ2 = Nχ1
χ1 + χ2 = 1
It follows that M = (M +N)χ2.
We will now look at our maps over the real numbers R. For a homomorphism
f between free, finitely generated abelian groups, we denote by f˜ the induced
linear map of R-vector spaces.
As AtΨA is symmetric positive definite, A˜tΨ˜A˜ is invertible in End(X ⊗ R).
It follows from (36) that χ˜1 is symmetric, hence, by the spectram theorem,
diagonalizable with real eigenvalues. The same holds for χ˜2.
Claim 5.3. Both χ1 and χ2 are idempotent.
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Proof. It suffices to check that χ˜1 and χ˜2 are idempotent. As they are diago-
nalizable, this amounts to showing that each of their eigenvalues is either 0 or
1. By contradiction, assume there exists c ∈ R \ {0, 1} eigenvalue for χ2, and
let v ∈ X ⊗ R be a non-zero eigenvector for c. Then
vtM˜v = vt(M˜ + N˜)χ2v = v
t(M˜ + N˜)cv.
Letting α = vtM˜v ≥ 0 and β = vtN˜v ≥ 0, we find α = (α + β)c. As
c 6= 0, 1, we see that α and β are both non-zero. It follows that 0 < c < 1. In
particular, all eigenvalues of χ2 are contained in the interval [0, 1]. However,
χ2 is an integer-valued matrix; it follows that its characteristic polynomial
fχ2(t) ∈ Z[t] is equal to tmg(t) for some g(t) ∈ Z[t] with g(0) 6= 0. Moreover,
g(0) is the product of the non-zero eigenvalues of χ2. As one of them, c, is
smaller than 1, it follows that 0 < g(0) < 1. This is absurd, since g(0) ∈ Z.
It follows from the claim that χ1χ2 = χ1(1 − χ1) = χ1 − χ21 = 0. Similarly
χ2χ1 = 0. This implies that
X = kerχ1 ⊕ kerχ2.
Indeed, any x ∈ X can be written as x = χ1(x) +χ2(x) ∈ kerχ1 + kerχ2, and
the decomposition is unique since kerχ1 ∩ kerχ2 = 0.
Now, the equation P tΨ1 = A
tΨAθ1 tells us that θ1 is injective (and similarly
θ2). Hence, kerχ1 = kerP , and kerχ2 = kerQ; in particular X = kerP ⊕
kerQ. But now we are done: P induces an isomorphism X/ kerP ∼= kerQ →
Y1 and Q induces an isomorphism X/ kerQ ∼= kerP → Y2. Hence A is an
isomorphism.
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